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^ ' Abstract 

We provide an axiomatic framework for the study of smooth extensions of gen- 
erahzed cohomology theories. Our main results are about the uniqeness of smooth 
^SJ . extensions, and the identification of the flat theory with the associated cohomology 

, theory with M/Z-coefficients. 

^ I In particular, we show that there is a unique smooth extension of K-theory and of 

' MU-cobordism with a unique multiplication, and that the flat theory in these cases 

is naturally isomorphic to the homotopy theorist's version of the cohomology theory 
■ with M/Z-coefficients. For this we only require a small set of natural compatibility 

^ ■ conditions. 
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1 Axioms 

A smooth extension of a generahzed cohomology theory £" is a refinement E of the re- 
striction of E to the category of smooth manifolds. The functor E is no longer homotopy 
invariant. A class x G E{M) which refines the underlying topological class I{x) e E*{M) 
contains the information about a closed differential form R{x) G f2*;(M, i?* ®i M) which 
represents the image of I{x) under the natural map ch: E*{M) — >■ H*{M; E* (8>zl^)- The 
deviation of E from homotopy invariance is described by a homotopy formula (Lemma p. 
Let X e E*+^([0, 1] X M) and /o, /i : M [0, 1] x M be the inclusions of the endpoints. 
Then 



f*x - f*x = a( / R{x)) , (1) 

' [0,1] X M/M 



where a is the natural transformation LI. A. 4. 

A typical and motivating example is the smooth extension HZ of integral cohomology. 

2 

The group ifZ (M) can be identified with the group of isomorphism classes [L, h^, V^] 
of hermitean line bundles on M with unitary connections with the tensor product as the 
group operation. We have /([L, /i"^, V^]) = ci(L) G H7?{M), the first Chern class of L, 
and i?([L,/i^, V^]) = -^^R^'' e ^^^(M), the first Chern form. Unlike the first Chern 

class Ci{L) G ifZ^(M), the class [L, /i^, V'^] G HZ (M) captures secondary information, 
e.g. the holonomy of which might be non-trivial even if L is trivial and is fiat. 
Refined characteristic classes for fiat bundles were one of the first motivations for the 
introduction of HZ in 



The space of hermitean line bundles with unitary connections is the configuration space of 
Maxwell field theory, i.e. the gauge theory with structure group U{1). In this field theory 
the field strength is a closed two-form which satisfies the following quantization condition: 
The integral of the field strength over cycles is required to be integral. In the past decade 
the discussion of models of string theory with branes lead to field theories with p-form 
field strength. Furthermore, the quantization conditions motivated the consideration of 
underlying cohomology theories different from ordinary cohomology theory like A'-theory, 
see e.g. [[FreOq , [ PHOUj , ||MWOO |. 



The use of smoothly extended cohomology groups as configuration spaces in field theories. 



the topological considerations in [|IIS05|| , and further developments on secondary invariants 



see e.g. [p3un02|| and the literature cited therein) lead to the development of this circle 
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of ideas to a mathematical theory. The present paper contributes to this theory by 
presenting axioms for smooth extensions and showing that they imply uniqeness results 
in many interesting cases. 

We consider a generalized cohomology theory E represented by a spectrum E. It gives rise 
to the Z-graded abelian group E* := E*{*) = 7r_*E, and we define the Z-graded M- vector 
space V := E*'»z^. For a smooth manifold M we define n*{M, V) := C°°{M, A*T*M®mV) 
with the Z-grading by the total degree. To be more precise, in the case of infinite- 
dimensional V" we topologize V" as a colimit of its finite-dimensional subspaces with 
their canonical real vector space topologies. Locally an element of f2*(M, V") can then 
be written as a finite sum uj ® Vj for collections of forms Uj G Q*{M) and elements 
Vj E V". We let d: fi*(M,V) n*+\M,\f) be the de Rham differential, and we write 
n*i{M, V) := ker(rf: fi*(M, V) n*+^{M, V)) for the subspace of closed forms. We identify 
H*{M]Y) with the singular cohomology of M with coefficients in V. Integration over 
simplices induces the natural transformation 

Rham: fi*i(M,V) ^ H*{M;Y) . 

It induces an isomorphism if^^(M;V) ^ H*{M;Y). Furthermore, there is a canonical 
natural transformation of cohomology theories 

ch: E*{X) ^ H*{X;Y) . 

Definition 1.1 A smooth extension of the generalized cohomology theory E is a quadru- 
ple {E,R,I,a), where 

A.l E is a contravariant functor from the category of smooth manifolds to Tj-graded 
abelian groups. Sometimes we will consider a version defined only on the category 
of compact manifolds (possibly with boundary). 

A. 2 R is a natural transformation of Z-graded abelian group-valued functors 

R: E*{M) fi*,(M,V) . 

A. 3 I is a natural transformation of Z-graded abelian group-valued functors 

I: E*{M) E*{M) . 

A. 4 a is a natural transformation of Z-graded abelian group-valued functors 

a: n*-\Mj)/im{d) E*{M) . 

These objects have to satisfy the following relations: 
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R.l Ro a = d 

R.2 For all manifolds M the diagram 



E*{M)^^nii{M, V) 



E*{M) 

commutes. 
R.3 For all manifolds M the sequence 



ch 



Rherni 



E*~\M) ^ Q*^\M)/im{d) A E*{M) -4 E*{M) 



(2) 



is exact. 



We now consider two smooth extensions {E, R, I, a) and {E', R', I', a') of E. 

Definition 1.2 A natural transformation of smooth extensions is a natural trans- 
formation of Ij-graded abelian group valued functors $ : i?* — E'* such that the following 
diagram commutes for every manifold M : 




Q*-\M,Y)^^E*{M)—^E*{M) nii{M,E) 



(M, V) E'* (M) E* (M) 



n*AM,E) 



We consider the inclusion of the base point * ^ S^. It induces an embedding i: M ^ 
X M for every manifold M. Let p: 5^ x M — )■ M be the projection onto the second 
factor. Since po i = id^/ we get splittings 

E*{S^ xM) = im(p*) © ker(r), E*{S^ x M) = im{p*) © ker(z*) . 

Let SM_|_ be the suspension which is a space, not a manifold. There is a natural projection 
g : S*^ X M — )■ EM_(. of spaces. It induces an isomorphism 

q*: E*{J:M+) a ker(r) C E*{S^ x M) . 

Furthermore, there is the suspension isomorphism 

a: E*~\M) A E*(SM+) . 
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Composing these isomorphisms with the projection onto keT{i) we get the integration map 

: E*+\S^ X M) ^ ker(r) ^"V E*+\T.M+) E*{M) 



for the generahzed cohomology theory E. 

We introduce the notation SF{M) := F{S^ x M) for a functor F defined on manifolds. 
The integration 

SE*^^ E* 



just defined is complemented by an integration map 



for differential forms which preserves the image and kernel of d. 

Definition 1.3 A smooth extension with integration of E is a quintuple {E, R, I, a, J), 

where {E, R, J, a) is a smooth extension of E and J is a natural transformation 



such that 

1. f o(r X id)* = 

2. f op* = and 

3. the diagram 



: SE*^^ ^ E* 



— J , where t: ^ is given by t{ 



z] := z. 



R 



sn*{M, V) s ( M) — ^ SE*+\M) sn*/^ (m, e) 



n*-\M, — ^E*{M) — ^E*{M) 



I 



KiiM^E) 



R 



commutes for all manifolds M . 

We now consider two smooth extensions with integration (£', i?, J, a, J) and (£", R\ I', a', J') 
oiE. 
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Definition 1.4 A natural transfomation between two extensions with integra- 
tion of E is a natural transfomation between smooth extensions $ : i?* — £"'* such that 



SE'*+\M) 

J" 
^E'*{M) 



SE*+\M) 
I 

E*{M)- 



commutes for all manifolds M. 

Assume now that E is a. multiphcative cohomology theory. Then the functor E* has 
values in graded commutative rings. In particular, E* is a Z-graded ring, and H*{M]Y) 
and Q* (M, V) are Z-graded rings as well. In this case we can make the following definition. 



Definition 1.5 A multiplicative smooth extension is a smooth extension {E, R, I, a) 
such that E* takes values in Z- graded commutative rings, the transformations R and I 
are multiplicative, and the identity 



X U a{a) = a{R{x) A a) ^ , x e E*{M) , a e n* {M J) / im{d) 



holds true. 



For every generalized cohomology theory E* represented by a spectrum E a smooth 

extension {E, R, I, a) exists by the construction of Hopkins- Singer [ [HS05| . 

The historically first example of a smooth extension was constructed by Cheeger and 



Simons in | CS85 | for ordinary integral cohomology iJZ (and more generally for HR for 
discrete subrings R of M). These extensions of ordinary cohomology are multiplicative. 
The classes in HR{M) were realized in ||CS85|| as differential characters. By now there 
are various different constructions of the smooth extension of ordinary cohomology, e.g 
by sheaf theory ||Bry93|| (under the name smooth Deligne cohomology), using geometric 
cycles Gajer ||Gaj97]| , cubical chains [pL05|| , or stratifold bordisms ||BKS|| . With differ- 
ential characters the integration over as in Definition [I.3|, but also for general proper 



submersions p : M ^ B is simple, but the product is complicated. In cochain models both 
structures are involved, while in the sheaf-theoretic Deligne cohomology the product is 
easy, but integration is complicated. In the stratifold bordism model both structures are 
straight forward and explicit, and therefore this model is predestinated for the verification 
of the projection formula j^{y U p*x) = {J^y) U x, where y G HR (M), x G HR (B). 
In view of the variety of constructions of a smooth extension of ordinary cohomology it is 
a natural question whether all give equivalent results. This has been answered by 



^Observe, that R{x) A da ^ d{R{x) A a) so that the right-hand side is weU-defined. 
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though a set of shghtly different axioms is usedQ. Uniqueness also follows from the axioms 
stated above by Theorem |3.1CI| if one takes the integration into account. This has first 
been observed by Moritz Wiethaup (2006/2007). In both cases the smooth extension is 
unique up to unique isomorphism. Moreover, we have uniqueness of the product by ||SS08| , 
Thm. 1.3] or Theorem [4.6| . 

In [pSSW07|| we give a geometric construction of smooth extensions of bordism theories. 
We developed the details in the case of complex bordism MU . The method also applies to 
other bordism theories, e.g. oriented bordism, MSpin or MS'pm'^-bordism or framed bor- 
dism S. In all these cases we obtain a multiplicative extension and a theory of integration 
for suitably oriented proper submersions. The particular importance of the case of com- 
plex bordism theory comes from the Landweber exact functor theorem |[Lan76[| . It allows 



to construct a multiplicative smooth extension for every complex oriented Landweber ex- 
act cohomology theory. Examples are complex ii'-theory and certain elliptic cohomology 
theories. 

Using methods of local index theory in ||BS07|| we have constructed a Dirac operator model 
of smooth /^-theory which is again multiplicative and has a nice integration theory for 
smoothly i^-oriented proper submersions. 

The presence of different constructions (at least two in the case of bordism theories [ HS05 



and [ |BSSW07|| , and three in the case of K-theory [ |H505i , P507| , ||BSSW07|| ) raises again 



the question whether they are equivalent. Moreover, for applications to topology, e.g. 
constructions of secondary invariants, of particular importance is the identification of the 
associated fiat theory with the corresponding M/Z-theory. 

To answer these questions is the main motivation and result of the present paper. Note 
that all these examples are rationally even (Definition |3.5|) . The examples constructed 
from MU by the Landweber exact functor theorem are only defined on the category of 
compact manifolds. This is the reason for considering this case in the present paper, too. 
Observe that the coefficients of a Landweber exact theory are torsion-free. Therefore a 
rationally even Landweber exact cohomology theory is even. This is exactly the additional 
assumption made in the statement of our uniqueness Theorems |3.10| and in order to 
cover smooth extensions which are only defined on compact manifolds. 
Let us now formulate the main results of the present paper. 

Theorem 1.6 (Thm. |3.10| ) Let E be a rationally even generalized cohomology theory 
represented by a spectrum E. Let {E, R, I,a, J) and {E',R',r,a', J') be two smooth ex- 
tensions with integration. We assume that either the smooth extensions are defined on 
the category of all smooth manifolds and the coefficients E^ are countably generated for 
all m e Z, or that E"^ = for all odd m e Z and E^ is finitely generated for all even 



2ln ^S08i the additional requirement is that the fiat theory (Definition |5.2| ) is topological (Definition 
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m G Z. Then there is a unique natural isomorphism 



E ^ E' 

of smooth extensions with integration. 

A multiplicative smooth extension of a rationally even cohomology theory has a canonical 
integration by Corollary [4.3|. 



Theorem 1.7 (Cor. 4.4 ) Assume that {E, R, I, a) and (£", i?', J', a') are two multiplica- 
tive extensions of a rationally even generalized cohomology theory with countably generated 
coefficients such that either both are defined on the category of all smooth manifolds or E* 
is even and degree-wise finitely generated. Then there is a unique natural isomorphism be- 
tween these smooth extensions preserving the canonical integration. This transformation 
is multiplicative. 

At the moment we have no feeling how important the condition of E beeing rationally even 
is. This theorem applies e.g. to multiplicative smooth extensions of ordinary cohomology, 
all the bordism theories listed above and complex or real i^-theory (for complex /^-theory 
also to the version defined on compact manifolds). 
The flat theory 

E}UM) := ker {R: E*{M) ^^.(M, V)) 
is a homotopy invariant functor on smooth manifolds with values Z-graded abelian groups. 



Theorem 1.8 (Thm. |5.5|) Assume that E is rationally even with countably generated 
coefficients. If {E, R, I,a, J) is a smooth extension of E with integration which is defined 
on all smooth manifolds (or alternatively, on all compact manifolds and E* is even and 
degree-wise finitely generated) , then there exists an isomorphism 

e;,,,^em/z*-i . 

For a more precise statement and the notation see Section |^. This theorem implies that 



the additional axiom in |pS08|| follows from our axioms together with the presence of 
integration. Theorem |5]^ in particular states that the flat theory E^i^^ is a generalized 
cohomology theory. The essential additional datum turning a homotopy invariant functor 
into a generalized cohomology theory is the boundary operator of a long exact Mayer- 
Vietoris sequence. Theorem |5.5| is proven by a comparison with the Hopkins- Singer theory 
| HS05|| . In Section]^ we give an independent construction of the Mayer- Vietoris sequence. 
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Theorem 1.9 (Thm. [7.11| ) If {E, R, I,a, J) is a smooth extension of E with integra- 
tion, then Ejia^ has a natural long exact Mayer- Vietoris sequence. Its restriction to com- 
pact manifolds is equivalent to the restriction to compact manifolds of a generalized coho- 
mology theory represented by a spectrum. 

Note that Theorem |1.9| does not require any additional assumptions, but it also does not 
state that Eji^^ is equivalent to i?M/Z*~^. This equivalence can be derived again under 
additional assumptions, now independently from [[HS05|| , but at the cost of restricting to 
compact manifolds. 

Theorem 1.10 (Thm. |7.12|) If {E,R,I,a, J) is a smooth extension of E with integra- 
tion and E* is torsion free, then we have a natural equivalence Efi^t — E'R/Z*^^ of 
functors restricted to the category of compact manifolds. 

Acknowledgement: The basic questions for the present paper have been the topic of a PhD 
project of Moritz Wiethaup (Gottingen). Some basic ideas and first results are due to him. 
In this paper we work out in detail and further develop the results of fruitful mathematical 
discussions in Gottingen arround 2006/2007. 

2 Approximation of spaces by manifolds 

The main technical problem of the present paper is the construction of a natural trans- 
formation between two smooth extensions E'', E'^ of a generalized cohomology E^ . This 
requires to define a homomorphism E^{M) — )■ E'^[M) for every smooth manifold in a 
natural way. If the underlying topological functor E^ for fixed k & Z would be represented 
by a manifold E, naturality of the construction could be obtained by making one univer- 
sal choice — £"^'(E), only. Unfortunately, a generalized cohomology functor E'^ is 
rarely represented by a finite-dimensional manifold E. The idea for nevertheless cutting 
down the amount of choices in order to secure naturality is to approximate the classifying 
space E by a sequence of manifolds. Since in some examples our smooth extensions are 
only defined on compact manifolds we take care of the case where such an approximation 
can be realized by compact manifolds. 

Recall that a map f : X ^ Y between pointed topological spaces is called n-connected if 
/* : vrfc(X) — )■ 7Tk{Y) is an isomorphism for k < n and surjective for k = n. 

Proposition 2.1 Let E be a connected pointed topological space. IfE is simply connected 
and-K^lE) is finitely generated for all k > 2, then there exist a sequence of compact pointed 
manifolds with boundary together with pointed maps Si —> 8i+i, Xj: — )■ E for 

all i & N such that 

1. Si is homotopy equivalent to an i-dimensional CW -complex. 
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2. the map Xi is i-connected, 

3. Ki'. Si+i is an embedding of a submanifold, 
4- the diagram 




E 



commutes, 

5. for all finite- dimensional pointed CW -complexes X the induced map 

colim([X,£'i]) ^ [X,E] 

is an isomorphism. 

Proof. We first construct a similar sequence (-E'j)igN of connected finite CW-complexes 
together with maps Ui : Ei E and ai: Ei Ei+i so that 

1. Ei is an i-dimensional CW-complex, 

2. the map t/i is i-connected 

3. ai'. Ei ^ Ei+i is a cofibration, 

4. the diagram 



E,. 



Ei+i 




Vi+i 



E 



commutes. 



We let El be a point. Assume that we have constructed Ej for all 1 < j < « such that 
7Tj{Ej) is finitely generated. Then we have a surjective map 

Vi-i,*: 7ri„i(£'i„i) 7ri_i(E) . 

We claim that 

ker(yi_i,*: Hi^i{Ei^i) 7rj_i(E)) 

is finitely generated. We have 7Ti{Ei) = 0. For j > 2 we know that 'Ki{Ej) = by our 
inductive assumption. The homotopy groups of a finite simply-connected CW^-complex 
are finitely generated (see e.g. | pdat| ] ) . Our kernel is finitely generated, since it is a subgroup 
of a finitely generated abelian group. This finishes the verification of the claim. 
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Let (7^: 5"* ^ — )■ Ej„i)tg/ be a finite family of representatives of generators of the kernel 
of Vi-i,*- 7ri_i(-E'i_i) —7- 7rj_i(E). Then we define 

Ei := Ei_i U(^^),g, \_\D' . 

i&i 

The map has an extension yi: ^ E. Note that yi^^,: Hj{E.i) 7rj(E) is now an 
isomorphism for j < i. 

Let {9x: 5* — )■ E)agl be a finite set of generators for 7ri(E). We form 

E, := V V y , 

and we extend iji to yj: -Ej — j- E using the maps 9x. Then yj^^: 7ij{Ei) — > vrj(E) is an 
isomorphism for j < i and surjective for j = i. 
We let (Tj_i : — )■ E'i be the inclusion. 

We now construct the desired sequence of manifolds together with homotopy equivalences 
Zi'. Si Ei such that 

Si *- £i+i 

Ei — ^ -Ej+i 

commutes. 

We again start with a point Si := *. Assume that we have constructed Si-i. We choose an 
embedding {Si^i,dSi^i) ^ {Rl,W'^), where M+ := {(xi, . . .,Xn)\xn > 0}, W'-^ C is 
identified with the boundary {xn = 0}, and n is sufficiently large. We let U — )■ Si^i be 
the projection from a tubular neighbourhood. We choose smooth maps 7^: S**"^ — ?■ dU 
so that o p o 7^ ~ 7^. If we take n > 2i, then we can assume after a homotopy that 
these extend to a smooth embedding 

U.G7 7. : y S'~' X Z}"-^ ^ at/ \ M""^ . (3) 

We use these maps in order to define 

Si:=UUu,^^^,\jD' X D""-' 

(smooth out corners). The map has a natural (up to homotopy) extension to Zii Si ^ 
Ei which is again a homotopy equivalence. By a similar procedure we form the boundary 
connected sum Si := Si LJUAeL^'* x and extend Zi to Zi: Si ^ Ei which is again a 

homotopy equivalence. 

The map : Si^i — ?■ Si is the inclusion. Furthermore we let Xj : — )■ E be the compo- 
sition Xi'. Si ^ Ei ^ E. By construction, our sequence satisfies 
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Lemma 2.2 Property^ holds true. 

We work in the model category structure on pointed topological spaces Top^ where 

1. weak equivalences are vr^-equivalences, 

2. fibrations are Serre fibrations, 

3. cofibrations are defined by the left lifting property. 



It is known that retracts of relative Ciy-extensions are cofibrations ||Hov99 , Thm. 2.4.19] 



We consider the poset N as a category. The diagram category Top^ has a model category 
structure with 

1. level weak equivalences, 

2. cofibrations (Xj) — )■ (Yi) are characterized by the latching space condition, which 
in this case reduces to the property that Xi Ux.^i Yi-i is a cofibration for all 
i > 1, 

3. fibrations are level fibrations. 



We refer to |Pov99| , Ch. 5.1] for details. It follows that a system (Xj) is cofibrant if all 
maps — 7- Xi are cofibrations. 

The homotopy colimit hocolim : Top^ — )■ Top^ is the left derived functor of the colimit 
colim: Top^ — )• Top^. 

By construction we have a weak equivalence colim(i?j) — t- E. Since the structure maps 
Ei — )■ -Ej+i are all cofibrations (since they are Cl^-extensions) the whole system (Ei) is 
cofibrant in Topf , and there is a homotopy equivalence hocolim (Ej) colim(£'j). The 
map {£i) — (Ei) is a level equivalence. If X is a finite-dimensional CW-complex, then 
we have naturally induced isomorphisms 

colim([X,£,]) ^ colira{[X,Ei]) ^ [X, hocolim (E^)] ^ [X, colim(E,)] ^ [X, E] . 

At the marked isomorphism we use the cellular approximation theorem and that X is 
finite- dimensional. □ 



The property that E is simply connected has been used in order to conclude from the 
fact that Ei is a finite simply-connected CW-complex that ni{Ei) is finitely generated. 
Finiteness is needed since we want to approximate by compact manifolds. If we allow 
non-compact manifolds, then essentially the same proof gives the following: 
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Proposition 2.3 Let E &e a topological space with countahly many connected components 
such that the groups 7rfc(E, x) are countahly generated for all k > 1 and x G E. Then there 
exist a sequence of pointed manifolds (f^j)^^^^ together with pointed maps Si ^ 
: — E for all z G No such that 

1. Si is homotopy equivalent to an i-dimensional CW-complex, 

2. the map Xi is {i — l)-connected, 

3. Ki'. £i^ Si+i is an embedding of a submanifold, 
4- the diagram 



is an isomorphism. 

Proof. If E is not connected, then we can approximate tlie countahly many components 
of E separately. In the connected case we construct the ClV-approximations {Ei,ai,yi) 
as before, but starting the induction with i = and Eq := *. Then we proceed with the 
construction of the family {Si,Ki,Xi). The only modification is as follows. In order to 
find the embedding (^) we compose the embedding {Si-^i,dSi^i) — )■ (]R",]R"~^) with an 
embedding (M!;:,M'^-i) and we use the extra dimension in order to separate 

the images of the 7^. If we want the manifolds Si without boundary we can just remove 
the boundary without changing the homotopy type. □ 

In the following we discuss further properties of the approximations found in Proposition 
or |2.3| . The first is a certain Mittag-Leffler condition. For j > i let := o ■ ■ ■ o 
Ki'. Si ^ Sj. We set := id^.. Let V := ©^g^V" be some Z-graded abelian group and 




E 



commutes 



5. 



for all finite- dimensional pointed CW -complexes X the induced map 



colim{[X, Si]) [X,E] 




s+t=* 



denote the ordinary cohomology of the space X with coefficients in V. 



13 



Lemma 2.4 For alii G Nq and all I > 1 we have the equality of subgroups of H^{Si;Y) 

Proof. Note that an i-connected map f : X ^ Y induces an isomorphism in cohomology 
/*: H^{Y;G) — t- H'^{X;G) for s < i — 1, and an injection for s = i, where G is an 
arbitrary abehan group. Since Si is z-dimensional we have 



s+t=k,s<i 



Note that k*'''' is i-connected for all / > 0. We therefore have for s < i, j > i, I > 1 
H'{£fy) = K^^'*H'{£j+i;V^). This implies for all / > 1 that 



□ 



Proposition 2.5 Let V he as above and E, {£i)i>Q as in Proposition \2. 5| . We consider a 
class u G i/*(E; V). There exists a sequence of forms uji G r2*;(£^j,V) such that Rham(a;j) = 
x*u and = uji for all i > 0. 

Proof. We construct Ui inductively. Assume that uj has been constructed for all j < i. 
There exists cDj+i G Q*i{£i^i,M) such that Rhain(a)j+i) = x*^iU. Since K*Rham(a)j+i) = 
i^iX*_^_iU = x*u there exists furthermore a form a G Vt*^^{£i, V) such that K*a)i+i + = Wj. 
Since is a closed embedding of a submanifold there exists an extension a G V) 
such that K*a = a. We then define Wj+i = Wj+i + (ia. □ 



Let (i?, -R, J, a) be a smooth extension of a cohomology theory i?. We assume that this 
smooth extension is defined on all smooth manifold, or we assume that our approximation 
{£i,Xi,K,i) of E is by compact manifolds. We consider the Z-graded vector space V := 
E* ® M. By Proposition 275 we choose a sequence of closed forms Ui G Q*i{£i, V) such that 
Rham{uJi) = ch.{x*u) and n*UJi+i = uJi for all i > 0. 

Proposition 2.6 There exists a sequence Ui G E*{£i) such that R{ui) = Ui, I{ui) = x*u 
and K*ili+i = Hi for all i > 0. 

Proof. First we choose for each i independently a class Hi G E*{£i) such that R{iti) = Ui 
and I{ui) = x*u. Note that Ui is unique up to addition of a term a(aj) for G H*~^{£i, V). 
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We now argue by induction over i using the Mittag-Leffler condition that we can 
modify our choice by iti := Ui + a{ai) so that K*Ui+i = Ui. 

Let us assume by induction that we have made the choice of Uj, and that we have al- 
ready chosen u'^j^^ G E*{£i^i) such that (iii+i) = Ui- Then K*j^^Ui^2 — u'i+i = 0(0;) with 
a G H*~^{£i+i; V). It follows that Kj^'^'*Ui+2 — Ui = a{K*a). By ^]4| we can find a class 
a G H*~^{£ij^2]^) such that Kj^^'*{a) = K,*{a). We set Uj+i := u'-j^^ + a{a) — a{K*_^^a) and 
u[_^2 •= "^1+2 ~ a{c(). Then we have K*Ui+i = Ui and k*+i(u^+2) = ^i+i- ^ 



3 The natural transformation ^ 

We consider a generalized cohomology theory E represented by a spectrum E. We consider 
two smooth extensions (£", i?, /, a) and (£", i?', /', a') of i?. Let us fix a degree G Z and 
a classifying space for the homotopy functor X H- E^{X), e.g. the k-th space of the 
spectrum E if the latter is an f2-spectrum. In the present section we give a construction 
of a natural transformation $ : i?'^ — )■ E"^ such that the following diagram commutes: 




fi^-i(M, V) E\M) — ^ E''{M) ^d{M, V) 



fi^'-i(Af, V) i"=(M) E^{M) ^ciiM, V) 



We make one of the following two assumptions: 

Assumption 3.1 1. E^~^ = 7ri(Efc) = 0, the abelian groups E"^ are finitely generated 
for all m < k, and the smooth extensions are defined on the category of compact 
manifolds, or 

2. the smooth extensions are defined on the category of all manifolds and the abelian 
group E"^ is countably generated for all m < k. 

Note that vrj(Efc) = E^~\ We choose an approximation {Si,Xi,Ki) of E^ by smooth 
manifolds as in Propositions |2.1| or |2.3| . In case |I] we can assume that the Si are compact. 
Let u G E^(Ek) be the tautological class represented by the identity id G [Efc,Efc]. We 
choose a family of closed forms Ui G Q^i{Si,Y) as in Proposition p.5| such that Rhani(ci;j) = 
ch{x*u) and K*Ui+i = Ui for all i > 0. Then by Proposition |2]^ we choose families of 
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classes Ui G E^{£i), u'i G E'^{£i) such that R{ui) = R'{u[) = oui and I{ui) = I'{u[) = x*u 
and = Ui, hi*u'.i^i = u'^ for all z > 0. 

Now we can define the transformation $, which may depend on the choices made above. 
Let M be a (compact in case P manifold and v G E^{M). Note that I{y) = f*u for some 
/ G [M, Efc] . By Property |] there exists an i G N and a smooth map fii M ^ £i such 
that fiX*u = I{v)- Therefore there exists a unique a G f2'^~-^(M, V)/im(ch) such that 
a(a) + f*{ui) = V. We set 

m ■.= a\a) + f:{u[) . 

Lemma 3.2 $ zs well-defined. 

Proof. The only choice involved is the map /j. We can increase the index i to j without 
changing $'^(0) by replacing fi by /j := o /j. Given /j and /// then by property |2?T|.p| 
(or ^Tsj^ resp.) there exists j > max{z, i'} such that o /j and k], o are homotopic. 
Thus let us assume that we have fj and /j which are homotopic. Let H: I x M ^ Sj 
denote the homotopy. We define /3 := J^^j^^^j^j H*Uj G fi^;"^(M, V)/im(ch). Then by the 
homotopy formula (|l]) we have fj*{uj) = f*{uj) + a(/3), but also fj*{u'-) = fj{u'-) + a'(/3). 
If a' and $'('0) denote the result for a and $({)) for the choice /j, then we have a' = a — (3. 
But this implies 

^'{v) = a\a') + f'f\u'^) = a'{a) - a'(/3) + f'f*{v!^ = a'{a) + f:{u[) = ^v) . 

□ 



Lemma 3.3 We have by construction R' o ^ = J' o $ = and $ o a = a'. 

Proof. Straightforward verifications. □ 



Lemma 3.4 $ is natural. 

Proof. For a moment we write $Ar in order to indicate a possible dependence on 
the underlying manifold. Let g: N ^ M he a. smooth map between manifolds. Given 
V G E^{M) we must show that g*^Miv) = ^^{g*!)). Note that ^m{v) = a\a) + f*{u'i), 
g*v = a{g*a) + g*f*{ui), and therefore ^N{g*v) = a'{g*{a)) + g*f*{u'i) = g*^Miv). □ 
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Note that $ as defined above is a natural transformation of set- valued functors. In general 
it does not preserve the group structures. The deviation from additivity is a priory a 
natural transformation 

B: E'' X E'' ^ E'^ 

such that 

+ = $({)) + + . (4) 

which satistifies the cocycle condition and symmetry 

B{u, V + w) + B{v, w) = B{u, v) + B{u + v,w) , B{u, v) = B{v, u) . 

Because of the identities 

= $({} + a(a)) - a' (a) - $(?)) = 13 {v, a{a)) 

= R\^{v + w)-^{v)-^{w)) = B!{B{v,w)) (5) 
= I\^{v + w) -^{v) -^{w)) = I'{B{v,w)) 

it factors over a natural transformation 

B : E''{M) X E^{M) H^~\M; V) /im(ch) . (6) 

Definition 3.5 We call the cohomology theory E rationally even, if E"^ ®i Q = for 
all odd m G Z. 

Theorem 3.6 Let k E he even. If E* is rationally even and one of \3. or \3. is 

satisfied, then the transformation $ : & is additive. 

Proof. The family {£i x£i, Kj)j>o of manifolds gives rise to a system of abelian groups 
[H'^~^{£i X £i]V), (kj X Ki)*)i>o indexed by N"^. The natural transformation B induces a 
class 

B e lim{H''-\£i X V)/im(ch)) . 

i 

In detail, the ith component is the class 

Bi := B{-prlx*u,prlx*u) G H''-\£i x ^,;V)/im(ch) . 
Proposition 3.7 We have 13 = 0. 

Proof. We show this result by showing that lim{H''^^{£i x V)/ini(ch)) = 0. We first 
show a refinement of the Mittag-Leffler condition. We start with the following general 
fact. 
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Lemma 3.8 Let X be a CW -complex such that 7r2j+i(X) (>>>z Q = for i = 0, . . . ,n. 
Then H2i+i{X- Q) = /or i = 0, . . . , n. 

Proof. We first show that H'^^^^{X\ Q) = for i = 0, . . . , n. We assume the contrary. 
Let k E {0,...,n} be the smallest number such that if^'^+^(X;Q) ^ 0. We have the 
Postnikov tower 

X{2k + 2) ^ X{2k + 1) ^ > X{2) X{1) X . 

The fibre of X(2j) — X(2j — 1) is equivalent to an Eilenberg-MacLane space i^(7r2j_i(X), 2j- 
2) which is rationally acyclic since 7i2j-i{X) ®i Q = 0. Therefore X{2j) — )■ X{2j — 1) in- 
duces a rational cohomology equivalence. The fibre of X(2j + !)—;■ X{2j) is an Eilenberg- 
MacLane space K{n2j{X), 2j — 1). With the Serre spectral sequence 

H*iX{2j);H*iKin2jiX), 2j - 1); Q)) =^ iJ*(X(2j + 1); Q) 

and 

H\K{n2,{X),2j-l),Q) = 
we conclude that 

H^''+\X; Q) ^ H^''+\X{1); Q) ^ > H^''+\X{2k + 2); Q) = 

is injective. This is a contradiction. 

It now follows by duality that H2i+i{X; Q) = for z G {0, . . . , n}. □ 



/^{0,2j-l} 
Q / = 0,2j-l 



Lemma 3.9 For every z G N and all r > i + 1 we have 

Proof. For r > i+1 the map Xi+r '■ £i+r — ^ is 2i+l-connected so that rci^Eij^r) — 7r;(Efc) = 
j^k-i g^jj I ^ In particular, 'n'2i~i{^i+r)'^zQ = and hence 7r2i„i(£^i+rX^^j+r)®zQ = 
for all / G N such that 2/ -1 < 2i. It follows from Lemma p^Slthat H^^~^{£i+r^£i+r\ Q) = 
for all / G N such that 2/ — 1 < 2i. Since £i x £i is homotopy equivalent to a 2z-dimensional 
complex and V-' = for odd j we now have 

2l-l<2i 

= . 

■^If X is not connected, then we require this for aU its components. 
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□ 



We now consider the system of exact sequences 

indexed by We apply lim and get the exact sequence 

nr.(H^-HS. X f,V)) ^ U,n ^ ^(^(E^-US. X £.))) . 

Now we have \imi{H'^~^{£i x SfjY)) = because of Lemma p.9| . The same lemma im- 
plies that the subsystem ch{E''~^{£i x Si)) C H^~'^{8i x Si-, V) satisfies the Mittag-Leffler 
condition so that \iml{c\\{E^~^{£i x £i))) = 0. This implies 

hm' 



ch{E''~^{S^xS,)), 

as required. □ 



We now show Theorem p.6| . Let w) G &{M). We choose z sufficiently large such that 



there exist fv,fw- M Si with f^{x*u) = I{v) and f^{x*u) = I{w). Let j > i be 
such that there exists fi: £i x Si Sj with fi*{x*u) = prQX*^ + pr*x*M. We choose 
a e X Si,Y) such that a(a) + iji*{uj) = prp-Uj + pr^-Uj. 

We further can choose fy+w- M — Sj as the composition /{)+^ = /i o (/o, /u.) so that 

We now choose a^, a^, G r2'^~^(M, V) such that a(ac) + f^{ui) = v, a{aw) + f^{ui) = 
w, and a{ai,+^) + f^+^{uj) = v + w. 

Then we have $({)) = a'(ae) + *(^) = ((^w) + f^{u'i) ^ and + = a'(ai)+^) + 
fd+uii'^'j)- We now calculate using = m- and 

= 5(proX*M,prJx*M) = $(proMi + pr^M^) - $(proMi) - ^(pr:;;^^) 
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at the marked equality 



$(■0 + w) - - ^{w) 
= a'{ai,+^l,) + fi+Auj) - a'iav) - f^iK) - - /^(^D 

= a{ai,+n,) + ifv, UYfJ'^u'j) - a'{ai) - fl{u[) - a'{a^) - fl{u'i) 
= a'(a{i+^ - «t) - a,^) + (fi,, U)* {^{pr*QUi + pr*{ii) - a'{a)) 

O 0{) OiJ) {fill fw) ■ 

Doing the same calculation starting with = {v + w) — v — w (leave out the symbols $ 
and ') we get = a(afi+^ — ai, — — {fa, Since ker(a) = ker(a') we conclude that 

+ w)- ^{v) - ^{w) = . 



Theorem 3.10 Let E be a rationally even generalized cohomology theory which is repre- 
sented by a spectrum E. Let {E, R, I, a, J) and {E', R', I', a', J') be two smooth extensions 
with integration. We assume that either the smooth extensions are defined on the category 
of all smooth manifolds and the groups E^ are countably generated for all m E^L, or that 
j^m _ g m e Zi and E^ is finitely generated for even m G Z. Then there is a 

unique natural isomorphism 

E ^ E' 

of smooth extensions with integration. 

Proof. Let us first show the existence of a natural transformation. We let : E^ ^ E'^ 
denote the component in degree k. Let ^^'^ be the transformation obtained in Theorem 
P^ . We extend $ to odd degrees using integration. 

Let i : M — >■ S*^ X M be the embedding induced by a point in S"^ and p: S"^ x M — M be 
the projection. Because of p o z = id we have a splitting 

E*{S^ X M) =p*E*(M) ©ker(2*) . 
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Let q: X M SM+ be the projection onto the suspension. It induces an identi- 
fication ker(i*) = g*£'*(SM_|_) = E*~^{M) using the suspension isomorphism. We let 
a: E*~^{M) — E*{S^ x M) be the inclusion of this summand. 

Assume that we already have constructed This is in particular the case for even k. 
Let X G E^~^{M) be given. Then we choose x G E^{S^ x M) such that 

1. /(x) = X, 

2. = rft Apr*i?(x), 

3. /(x) = a(/(x)). 

The following procedure shows that this choice can be made. We first choose a lift 
X G E^{S^ X M) of (t(/(x)) G ^^'(5^ X M) so that | is satisfied. Then we add a{a) for a 
suitable a G (^'^-^(S'^ x M, V) in order to satisfy |. Then x - /(x) G a{H^-^{M] V)). We 
can kill this difference by modifying a suitably. Here we use that / {a{a)) = a{J (a)) and 
/ : n*{S^ X M,V) -> fi*"i(M,V) is surjective. 
We now define ^ 



Let us check that this is well-defined. Note that another choice x' satisfies x' — x = a{a) 
with J{a{a))=0. Furthermore, 

!\^\x + a{a))) = [' {^\x) + a{a)) = ['{^'{x)). 



Naturality of $^ ^ follows from naturality of the integration maps. Indeed, let / : N M 
be a smooth map and y := f*x. Then we can choose y := (id^i x /)*x. We get 



= J'i^Hrs:)) = J' (ids. X fT^'ix) = r J'i^'ix)) = r$ 



x) . 



Let us now discuss uniqueness of Assume that \1/ : -E'^'^ — )■ -E"^'^ is a second natural 
transformation of group-valued functors which is compatible with the transformations 
R,I,a in the sense that 



R' o^a = R , j'o* = /, a' = ^oa. 

Then we consider the difference A := — \E'. Compatibility with R shows that A takes 
values in Ef/^^ (see Definition |5.2| ). Compatibility with / in addition shows that A takes 
values in the subfunctor a'(i/^'^^^(. . . ; V)/im(ch)) C E''^''. Finally, compatibility with a 
implies that A descends to a natural transformation 

A: ^2^= -> H^^-\...;Y)/im{ch) . 
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We get an element 

(A(x*m)) e \im{H^^-^ (^,; V)/im(ch))) 



The same argument as for Lemma p.9| shows that the target group vanishes so that 
A(x*n) = for all z G N. But this implies that A = 0. Indeed, if M is some manifold 
and X G E'^^{M), then there exists an i G N and f : M ^ £i such that x = f*x*u. We 
get A(x) = f*A{x*u) = 0. 

Recall that we have defined ^^'^ using Theorem RTBI. Then we have extended the construc- 



tion to odd degrees such that ^ is chracterized by 

o = ^^^'^ of. (7) 



We could use the construction above in order to construct another transformation \1/ : E'^'' — )■ 
E'"^^ starting from go that 



/ 

2k+l 



O = ^ O 

By the uniqueness result we see that \& = 

Therefore we have constructed a natural transformation of smooth extensions with inte- 
gration. As such it is unique on the even part. Since the integration J : &^{S^ x M) — 
E'^^~^{M) is surjective, the compatibility (0) implies uniqueness on the odd part, too. □ 



4 Multiplicative structures 

In this section we assume that E is a. multiplicative cohomology theory. Let {E, R, I, a) 
be a smooth extension of E. We fix the unique e G ker(i*) C E^{S^) such that f^{e) = 
1 G E^, the unit of the ring E*. We let Ue G Qli{S^;V^) be the unique rotationally 
invariant closed form such that Kh.am{ue) = ch(e). In coordinates coe = dt ^ 1. Note that 
Jgi coe = 1. Then we choose a lift e G E^{S^) such that /(e) = e and i?(e) = cug. Note that 
e is determined uniquely up to elements of the form a{a) with a G H^{S^] V)/im(ch). We 
can assume that the representative a is constant. We see that e is determined uniquely 
up to a choice in Y^/E^ © V"V^~^- 

We now want to modify the class e such that q*e = — e, where q: ^ is given by 
q{z) = z. Apriori R{q*e + e) = and I{q*e + e) = 0. Therefore q*e + e = a{p) for 
p G H^{S^; V). We write p = po + Pi e H\S^; V^) © H^{S^- V"!). Since a(g*p - p) = 0, 
g*Po = Po Ei-iid Q'*Pi = ~Pi "we conclude that 2Rham(pi) = ch(r) for some r G E^{S^). 
Then 

g*(e - a(^p)) + e - a(^p) = a(p - ^P - \q* p) = a(^(p - gV)) = a(pi) = a(^ch(r)) . 
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If we replace e by e — a(^p), then the new e satisfies q*e + e = a(pi). The 2-torsion class 
[Rhaiii(pi)] G V~^/E~^ is independent of the choices. Indeed, if we change e by e + a(a) 
for a G H^{S^; V), then we can take the same pi. 

Recall the inclusion i: M x M and the projection p: 5^ x M — )■ M. We finally 

consider the condition i*e = 0. Of course, we have i*e = a{6) for some 6 G H^{*', V) = V". 
If we replace e by e — p*6, then we get i*e = retaining all the other conditions. The 
ramaining choice for e is M~^/E~^. 

Definition 4.1 The class := [Rham(pi)] G Y^^/E"^ is called the obstruction class. 

The obstruction class vanishes exactly if we can choose e G E^{S^) such that 

R(e) = dt^l , /(e) = e , = , q*e = -e . 

In this case e is unique up to an element in Y~^/E~^. The obstruction vanishes e.g. if 
E~^ is torsion, and in this case e is unique. We do not have any example of a smooth 
extension with non-trivial obstruction class. 

Proposition 4.2 // {E,R,I,a) is a multiplicative smooth extension with vanishing ob- 
struction class o^, then it has an integration. 

Proof. 

Using the class e we can make the decomposition 

E*'^\S^ X M) ^ im{p*) © ker(z*) ^ E*+\M) © E*{M) 

more explicit. Namely, we can write the class x G E*~^^{S^ x M) uniqely in the form 
X = p*u ®exy with u G £'*+^(M) and y G E*{M). Note that y = J x. 
We now use the decomposition 

E*+\S^ X M) = im(j9*) ©ker(i*) 

in order to define an integration which factors as 

J : E*+\S^ X M) ^ ker(r) ^ E*(M) . 



It obviously satisfies the second condition 1.3 



o p* = . 

Let X G ker(z*). Then we can write I{x) = e x y for a unique y G E*{M). We choose a 
smooth lift y G E*{M) and a form p G ri*~^(S'^ x M, V) such that x = exy + a{p). Then 
we define 

j x:=y + a{j p) . 
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Let us show that J is well-defined. If we choose another smooth lift y', then y' = y + a{6) 
for some form 6 G Q*~^{M, V). Since exy' = exy + ex a{6) = e x y + a{uJe x 9) we can 
choose p' = p — Ue X 9 and our construction produces 

y +a{ p') = y + a{9) + a{ p) - a{ l A9) = y + a{ p). 



Next we show that the construction is independent of the choice of p. If we choose p', 
then p' = p + a such that a G r2*~^(S'^ x M, V) is closed and Rhaiii(a) = c\i{u) for some 
u G E*{S^ X M). But then our construction produces 



y + a{ I p') = y + a{ I p) + a{ j ch{u)) = y + a{ j p) + a(ch( / u)) = y + a{ j p) . 
We have 



1(1 x) = I{y + ail p))=I{y) = y= / /(x) 

Furthermore 

R{[x) = R{y + a{l p))= I {ooe x R{y)) + d I p= I {oo, x R{y) + dp) = I R{x) 



Next we check that the integration is linear. Let Xi G ker(z*), i = 0,1. We choose 
yi G E*{M) such that I{xi) = e x yi and smooth lifts iji G E*{M). Then we find 
Pi G f2*~^(S'^ X M, V) such that Xi = e x jji + a{pi) for i = 0,1. Note that xq + xi = 
ex {yo + yi) + a(po + Pi)- It follows 



(xo + Xi) =yQ + yi+a{J (po + Pi)) = J (xq) + J (xi) . 

U X = e X y + a{p), then 

{q X idMYx = q*exy + a{{q x idA/)*p) = e x (-y) + a((g x idM)*p) • 

We get 

J ((g X idMYx) = -y + a{J{qx idA/)*p) = -y-a{J p) = - J ^ ■ 

Let us finally show that the integration is natural. Let /: — M be a smooth map. 
Then we can write f*x = e x f*y + (id5i x f)*p. It follows that 

(fx) = fy + air lp) = r I (^) • 

□ 
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If we change e to e' = e + a{u), u G ff^^^ V-^)/im(ch) r\E^{S^\l~^) ^ V~^/E-^, then 
we have 

X = e' X y + a{p') = e x y + a{u x R{y) + p') . 
For the corresponding integration we get, using Rham(i?(^)) = ch(J(J(x))), 

X = / X + a{ {u X R{y))) = X + a{u x ch( / I{x))) . 



If V ^ 7^ 0, then we indeed may change the integration by modifying the choice of e. If 
E is rationally even, or more generally, if only E~^ is a torsion group, then of course 
v-i = 0. 

Corollary 4.3 // (£", i?, /, a) is a multiplicative extension of a generalized cohomology 
theory such that E~^ is a torsion group, then there is a canonical choice of an integration. 



We can now apply Theorem |3.10| . 



Corollary 4.4 Let {E, R, J, a) and {E', R', I', a') be two multiplicative extensions of a 
rationally even generalized cohomology theory. We assume that either both extensions are 
defined on the category of all smooth manifolds and the groups E"^ are countably generated 
for all m G Z, or they are defined on the category of compact manifolds , E"^ = for all 
odd m G Z and E"^ is finitely generated for even m G Z. Then there is a unique natural 
isomorphism between these smooth extensions preserving the canonical integration. 

Lemma 4.5 The integration defined above satisfies the projection formula 
{xUp*z) = { [ x)Uz , xeE*{S^xM), zeE*{M). 



Proof. We write x = p*u + e x y + a{p). Then by construction J x = y + a{J p). 
Furthermore 

X U p* z = p* {uVJ z) + e X (yUz) + a{p AR{p*z)) . 

It follows that 

(x U p*z) = yUz + a{J pA p*R{z)) = yUz + a{{j p) A R{z)) = {j x)Uz. 

□ 



Theorem 4.6 The unique natural transformation of Corollary \^.^ is multiplicative 
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Proof. The argument is similar to the proof of Theorem ^.6| . We transport the U-product 
of E' to E using the natural transformation E'. Thus we define 

U': E'''{M)^E'''{M) E^'"{M) 

by 

x\j' y:= $"^(<l>(x) U ^{y)) . 

The difference 

A(x, y) := X U y — X U' y 
is a natural transformation of set- valued functors 

Since both U-products are compatible with R and / we conclude that A actually has 
values in the subfunctor a{H°'^'^{. . . ; V)/ini(ch)). Furthermore, since both cup-products 
are compatible with a the transformation factors as 

^- E^v^ ^ev _^ a{H°'^\. . . ; V) /im(ch)) . 



We approximate by a family of manifolds £k,i as in Proposition |2.1| . Then we consider 
compatible families Uk,i G E^{£k.i) as in Proposition p.6| . For even /c, / we get a family of 
elements 

(A(nfc,i,n,,,))i>o G \im{H"''\£k,i x f;,,)/im(ch)) . 

The analog of Lemma shows that this limit is trivial, so that A({ifc j, j) = for all i. 

As in the proof of Theorem |3.1CI| we conclude that this implies A = 0. 

We now discuss multiplicativity in general. Let k be odd and / be even, x G E^{M) and 



y G E (M). Then we have, using the projection formula and the compatibility of $ 
with integration, 



$(x Uy) = ^{J {ex {xUy))) 
($(ex {xUy))) 
($((e X x) Up*y)) 
($(e X x) U ^{p*y)) 
($(e X x) Up*^{y)) 
$(e X x)) U $(^) 



^{J {ex x)) U 
U <l>(y) . 
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Similarly, if k and / are odd, then again using the projection formula and the case just 
shown 



$(xUy) = ^{{Jexx)Uy) 

= ^ [ {{e X x) U p*y)) 



($((e X x) Up*y)) 

($(e X x) U 

($(e X x) Up*$(y)) 

$(e X x)) U 

^{j {ex x)) U 
<l>(x) U <l>(y) . 

□ 



5 The flat theory 

Let {E^ R, I, a) be a smooth extension of a generalized cohomology theory E. Let x G 
£'*+^([0, 1] X M) and /o, /i : M — > [0, 1] x M be induced by the inclusions of the endpoints. 
Then we have the following homotopy formula. 



Lemma 5.1 We have 



fix -f*x = a( [ R{x)) 

\J \0,l]x M/M J 



[0,l]xM/A/ 

Proof. Let p: [0, 1] x M ^ M denote the projection. Then there exists a form p G 
n*{[0, 1] X M,V) such that x = p* f^x + a(p). We have R{x) = p*f^R{x) + dp. Let us 
write p = po + dt A pi for t-dependent forms po, pi on M, where t is the coordinate of the 
interval [0, 1]. We get 

iatR{x) = dtpo - dpi . 



Integrating we get 



/ R{x) = (po)|t=i - (Po)|t=o -d pidt . 

7[0,1] xM/M Jo 
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We get 



fiX - foX = a{f*p - /op) = a{{po)\t=i - (po)|t=o) 



R{x] 



[0,l]xM/A/ 



□ 



Definition 5.2 We define the flat theory as the suh functor 

E}UM) := ker(/2: E*{M) ^ K,{M,E)) . 

Recall that a functor on manifolds is called homotopy invariant if it maps smoothly 
homotopic smooth maps to the same morphisms. As an immediate consequence of the 
homotopy formula we get: 

Corollary 5.3 The flat theory Efiat is a homotopy invariant functor. 



As a direct consequence of |1.1| .R.3 and |l.l[ R.l the fiat theory fits into the following natural 
long exact sequence: 

... E*-\M) ^ H*-\M; V) A E^iatW 4 E*{M) ^ H*{M] V) A . . . . 

There is a natural topological candidate for the fiat subfunctor which fits into a similar 
sequence, see (||). 

Recall the construction of the Moore spectrum MG for an abelian group G. We choose 
a free resolution 

^ Zt; A -> G ^ 

for suitable sets V, W . Then we define a map of spectra 

d: V S ^ Y S 

which realizes a in reduced integral homology, where we identify HZ^{\/^^y S) = 0^,^^- Zt> 
and HZ^{\/ ^^-^^ S) = The isomorphism class of the Moore spectrum MG is 

defined to fit into the distinguished triangle of the stable homotopy category 

\/s4 YS->MG-^SYS. 

Note that we can and will take MZ := S. We fix an element 1 G G. We assume that 
there is one generator wq & W which maps to 1 G G. Then we let MZ — MG be the 
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map given by the composition S — t- Vw,eH/ ~^ MG, where the first map is the inclusion 
of the component with label Wq. 

For a spectrum E we define EG := E A MG. There is a natural identification E = EZ 
and an induced morphism E — )■ EM. The spectrum EM also represents a cohomology 
theory which admits a canonical isomorphism 

ER*{X) = H*{X;Y) . 

We extend the natural map E — )■ EM to an exact triangle 

S"^EM/Z ^ E ^ EM ^ EM/Z 

thus defining a spectrum EM/Z. Note that EM/Z = E A MM/Z so that our notation is 
consistent. The fibre sequence induces a long exact sequence in cohomology 



^ E*~\M) ER*~'{M) ER/Z*'\M) E*{M) ER*{M) 



(8) 



In other words, it is very natural to conjecture that there is a natural transformation 
^fiat- E*fiat{^) ^ -E'M/Z*~^(M) so that the following diagram commutes 



E*-\M) ^ER*-\M) -^ER/Z*-\M) ^E*{M) ^ER*{M) 



(9) 



E*-^{M) H*~\M; V) 



'^flat 



E}UM) 



E*{M)-^H*{M-M) 



Such a transformation automatically would be an isomorphism by the Five Lemma. 

Definition 5.4 We say that the flat theory is topological if such a natural transforma- 
tion ^fiat exists. 



Recall that, given a cohomology theory represented by a spectrum E, in |[HS05| , Definition 
4.34] Hopkins and Singer have constructed a smooth extension {Ehs^ Rhs^ ^hsiO^hs)- 
Moreover they have shown that E*jjg ^^^^ is topological. We use the notation 

^Hsjiat-- EhsjUM) ^ ER/Z*~\M) 
for the natural isomorphism coming from [ I4S05| , Equation (4.57)]. 



Theorem 5.5 Assume that the cohomology theory E is rationally even, and that E^ is 
countably generated for all m G Z. // {E, R, I, a, J) is a smooth extension of E with 
integration which is defined on all smooth manifolds (or alternatively, on all compact 
manifolds and E is even with E^"^ finitely generated for all m G Zj, then the flat functor 
Efiat is topological. 



29 



Proof. If we could assume that both theories have an integration then we could employ 
Theorem Unfortunately an integration for the Hopkins- Singer example has not been 



worked out yet in detail with all the properties we need. Therefore we follow a different 
path. We start with Theorem p.6| which gives for all G Z an isomorphism 



It restricts to an isomorphism 



$2n . ^2n ^ ^2n^ 



^ • ^flat ^HSJlat 



of flat theories. We get the required $j7ai • ^Jiati.^) ~^ ER/Z'^'^~^{M) as the composition 
We want to extend this to odd degrees 2n — 1 so that the diagram 



^ftat 



Ejus' X M) ^ E],\fiatiS' X M)-^ER/Z'--'iS' x M) 



HSJlat 



I 



commutes. 

Lemma 5.6 For all m eN 



: EfUS' X M) E]l-\M) 



is surjective. 



Proof. Let x G EJi~^{M). Then we first consider y := q*a{I{x)) G E'^{S^ x M), where 
q: X M SM+ is the projection and a: E"'~^{M) -> E™(SM+) is the suspension 
isomorphism. Since = Rhamoi?(a;) = cho/(a;) we see that I{x) is a torsion element. Let 
< iV G N be such that NI{x) = 0. We choose a hft y G ^'"(5'^ x M) so that I{y) = y. 
Then NI{y) = and thus Ny = a{p) for some p G Q"^~^{S^ x M, V). We now replace y 
by ^ — a{N~~^p). Then still /(y) = y, but in addition -R(j/) = 0. 

We have /(/ y) = J I{y) = Jy = Hx). Therefore / y-x = a{9) for some 9 G ^"""^(M, V). 
Moreover, dO = R{J (y)) - R{x) = 0. Note that J{dt x 6) = 6 and d{dt x 6) = 0. If we 
further replace y hj y — a{dt x 9), then f y = x. □ 
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We now construct ^J^J^ : Ejf-\M)^ ER/Z'^''-'^{M). Let x G Ef'^M). Then we 



choose by Lemma |5.6| an y G 

EmtiS^ X such that / (y) = x. Then we define 



2n-l, 
flat ' 



We must show that this is well-defined. Let y' G Ej]l'^^{S^ x M) be such that j y' = x. 

'^"t(y)) = Let -u = y - y'. It follows from 

p*f for some v G -E'^"(M). Since m is fiat we know that I{u) is 



Then we must show that Ji^'jiat'^ 



J it = 0, that I{u) 

torsion. Since p* : E^^{M) — )■ E'^"'{S^ x M) is injective we conclude that v is torsion. 
Therefore we can choose a lift v G Ejl^^{M). We further find a form 6^ G r2^"~^(5'^ x Af, V) 
such that p*v + a{9) = it. If we apply R to this equality, then we get d6 = 0. Furthermore, 
from J -u = we get a{J 6) = 0. Therefore Rham(J 6) = ch.{z) for some z G i?^"~^(M). 
We choose w G £'^"^-'^(5'-'^ x M) such that / (w) = z. Then 



We now calculate 



Rhain(6') = Rhain( 



ch( / w 



ch(w) 



^fatiu) 



i^HSJlati^'^'ifv + aiem 

iK\fiatiP*^'''iv) + aHs{9))) 

if^HSJlati^'^'iv)) + <^'H\flati^HSm) 

(a(Rhajn(^))) 



= a{J{chiw))) 

= . 

This finishes the proof that is well-defined. 

Let us check that 



a ^ 77i2n-l 



2n-l 



''flat 



commutes. 

First we consider x G iJ^"~^(M;V). We must show that 
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Let X = Rham(u;) for some u G f2^['"2(M, V). Then we take dt x u e fi^""^(5'^ x M,V) so 
that J{a{dt x u)) = a{u}). Therefore 



^m>{x)) = I {^'SsjU^''Wt X uj)))) 

{^HSjiat{aHs{dt xu))) 
{a{p{Kham{dt x u)))) 
a{ / (p(Rhain((it x u)))) 



= a{p{ J {Rham{dt x to)))) 
= a(p(Rham(a;))) 
= "(P(a;)) • 

Next we consider x G Ejl~^{M). We can choose a hft y e E'fl^^{S'^ x M) such that 
J{y) = X and i*y = 0. Then we calculate 



= I{x). 

In Section |^ we will show independently of the Hopkins- Singer construction that the flat 
theory of a smooth extension with integration gives rise to a generalized cohomology 
theory which can be compared to E'R/Z. 

□ 



6 Exotic additive structures 

In Theorem |3.1CI| we have seen that a smooth extension of a rationally even cohomology 



theory with integration is unique up to unique isomorphism. In this section we show 
by example that if one disregards the integration there might be many different smooth 
extensions. 
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As an example we dicuss i^-theory. This cohomology theory is even. The even part of 
a smooth extension is unique up to isomorphism because of Theorem |3.6|. In the present 



section we show that one can change the additive structure of in a non-trivial way. 
For simplicity we consider i^T-theory and its smooth extension as two-periodic theories. 
We start with a first example. Then we show that there are actually infinitely many 
non-equivalent additive structures on K^. 

Let us start with some smooth extension (/T, i?, /, a) of complex i^'-theory with additive 
structure denoted by -|-. We define a new additive structure on K^{M) by 

u^v ■=u + v + a(^ch(J(u) U I{v))) , u,v e K^{M) . 

Let us verify associativity and commutativity. 

1 . . . 
[u*v)*w = {u + V + a{-ch{I (u) U I (v)))) * w 

= u + v + a(^ch(/(n) U I{v)) + w + a(^ch(/(n * v) U I{w)))) 

= u + v + w + a{^ (ch(/(M) U /(?))) + ch((/({i) + I{v)) U I{w)))) 

= U + V + W + a{^ch{I{u) U I{v) + I{u) U I{w) + I{v) U I{w))) 

= u * [v *w) 
u*v = n + {) + a(-ch(/(n) U /({)))) 

= V + U + a(ich(/(f;) U I{u))) + a{ch{I{u) U /({)))) 
= V * u . 

Observe that this new additive structure is still compatible with the structure maps R, I, a. 
In fact, the additional term a(|ch(/(n) Ul{v))) is annihilated by R and /, and it vanishes 
if e.g. u = a{uj). Therefore, with this new additive structure together with the old 
and the old structure maps gives rise to a smooth extension {K', R, I, a) of i^-theory. 

Proposition 6.1 The smooth extensions [K, R, I, a) and {K', R, I, a) are not equivalent. 

Proof. Assume that there was a natural isomorphism $ : — >■ K'^ which is compatible 
with R, I and a and such that 

$(n + t;) = $(n) * (10) 
Note that = K'^ as set- valued functors. We define 5 : — )■ by 

$(n) =u + 5{u) . 
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Since $ preserves R and I we see that S has values in a{H'^^{M; M) / im(ch)). Furthermore, 
since $ is compatible with a we conclude that S comes from a natural transformation 

6: K\M) i7"^(M; M)/iiii(ch) , a{5{I{u))) = 6{u) . 

Equation (|10D gives 

6{u + v) - 6{u) - 6{v) = a(^ch(M U v)) . (11) 

We now consider the smooth manifold T"^ = x S^. Let e G K^{S^) = Z be the 
generator. Let p,q: — )■ be the two projections. Then we define u := p*e and 
V := q*e. Note that H^''{T^;R) = ^ith basis {l,ori}, where ori e H^{T^;R) is 
normalized such that (ori, [T^]) = 1. Then the image of the Chern character is the 
lattice ch.{K^{T'^)) = Z(l,ori) C ]R(l,ori). We have ch[u U v) = ori. In particular, 
|ch(n U f ) ^ im(ch) so that 

a(ich(MUw)) ^ . (12) 

Let * G be a point. Then a{^ch{uUv))\^, = 0. We define the smooth map r := pq: — 
5*^ using the group structure of 5*^. Then we have the identity of K-theorj classes 
u+v = r*e. Since 5 is a natural transformation we furthermore get 6{u) = S{p*e) = p*6{e). 
Note that 6{e) G i/°(5^; M)/im(ch) = M/Z. It follows that S{u) = cl for some con- 
stant c G M/Z. In the same way 6{v) = cl and 6{u + v) = cl. Then we have 
6{u + v) — 6{u) — 6{v) = — cl. It follows from (|ri|) by considering the restriction to 
a point that c = G M/Z. But then 6 = 0, and this contradicts (|T^). □ 



Theorem 6.2 There are infinitely many non-isomorphic smooth extensions of complex 
K-theory. 

Proof. We start with a smooth extension {K, R, I, a, J) with integration, e.g the mul- 
tiplicative smooth extension ||BS07|| with the integration given by Proposition [4.2| . Since 



i^-theory is even, the associated flat theory is topological by Theorem |5.5| , i.e. there is a 
natural isomorphism 

^fiat:K}iatiM)^KR/Z*-\M). 

In the following, in order to simplify the notation, we will actually identify the flat K- 
theory with the M/Z- K-theory and will not write the isomorphism explicitly. 
Different smooth extensions will be obtained by modifying the additive structure on K^. 
Any other group structure *: K^{M) x K^{M) — )■ K^{M) determines and is determined 
by a natural transformation 

B : K\M) X K\M) ^ K\M) , x*y = x + y + B{x, y) . 
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Compatibility with i?, / and a implies that 13 comes from a transformation 

B: K\M) X K\M) H^^M ■,R)/im{ch) , a{B {I (u) , I (v))) = B{u,v) . 
Associativity and commutativity of * are equivalent to the conditions 

B{u, v + w) + B{v, w) = B{u, v) + B{u + v, w) (13) 

and 

B{u,v) = B{v,u) . (14) 
Let Z be the group of natural transformations of functors 

B: K^{M) X K^{M) if'^^(M; M)/im(ch) 

which satisfy the two conditions (p!3|) and (p!4[) for all manifolds M and u,v,w G K^{M). 
Given S G Z, the new additive structure * is given by 

+ + a{B{I{u), /({)))) , u,v e k^{M) . 

As in the proof of Proposition p.l| we will write a natural transformation $ : — > 
with 

$(x + y) = $(x) * $(y) (15) 
in the form $(£) = x + 5{x) for a natural transformation 

5: k^{M) k\M) . 

Since $ must preserve R, I and is compatible with a we again conclude that 6 comes from 

S: K\M) i7"^(M;M)/im(ch) , a{6{I{u))) = 6{u) . 
The equation ([T5|) translates to 

B{u,v) = 6{u + v)-6{u)-6{v) , (16) 



the analog of (pHI). Note that $ is automatically an isomorphism by the Five-Lemma. 
Let T C Z be the group of transformations of the form (|16|). Then the set of isomorphism 
classes of additive extensions of is in bijection with the quotient Z/T. 
For i,j G {0, 1,2} let pr-^. : Ki x Ki x Ki Ki x Ki be the projection onto the {i,j) 
component and sqi, Si2 '■ Ki x Ki x Ki — Ki x Ki the map which adds the first two or the 
last two factors using the if-space structure representing the additive structure of K^{X). 
Let G be a group valued functor on spaces which can be applied to Ki and the products 
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with itself. The examples which we have in mind are G{X) := H^^{X;'R)/im{ch) or 
G{X) := i/^^(X;M). The cocycle condition for r G G(Ki x Ki) is defined to be 

3*12^ + P^*i2r = W*oir + s*^r . (17) 

Furthermore, let F: Ki x Ki — Ki x Ki be the flip. The symmetry condition for 
r G G(Ki X Ki) is 

F*r = r . (18) 



Lemma 6.3 There is a canonical inclusion 

i:Z^ H^^iKi X Ki;M)/im(ch) 



as the subgroup of all elements which satisfy the cocycle and symmetry conditions ( |7^ j 
and /fl 



Proof We consider i7'=^(M; M)/im(ch) C KR/Z^{M) in the natural way. Let (/Ci),6N 
be the approximation of Ki as in Proposition pTT| . The family of products (/C, x /Ci)jgN 
is then a similar approximation of Ki x Ki. We let U G K^(Ki) be the tautological 
element. Let i? G Z. The family (5j)jgN := (-S(prQ(x*t/), pr];(x*t/)))jgN is an element 
{Bi) G lim(KM/Z°(/Ci X Id)). In view of the Milnor sequence 

^ \im\KR/Z-\}C^ x /C^)) ^ i\:M/Z°(Ki x Ki) ^ lim(irM/Z°(/Ci x Id)) 

we can choose a preimage -B G A']R/Z''(Ki x Ki). This preimage is unique up to phantom 
elements (i.e. elements coming from the lim^-term, compare Definition p.l|) , and therefore 
unique by Corollary We have exact sequences, natural in the space X, 

> K\X) KR\X) 4 KM/Z°(X) Ak\X)^ ... . 

By construction we know that Bi G KM./7P{K,i x /Cj) is in the image of a. Therefore 
/3((5i)) = 0, and this implies that /3(5) G i^p\,„to„(Ki x Ki) C i^i(Ki x Ki) (see 
Definition |8.1| ). From Corollary |8]^ we get P{B) = so that B = a{B) for some B G 
i^M°(Ki X Ki) which is well-defined up to elements coming from K'^^Ki x Ki). If we 
apply the Chern character, then we get a well-defined element 

i{B) = ch{B) G H^^Ki x Ki; M)/im(ch) . 

In this way we construct a map 

Z ^ iJ^^(Ki X Ki;M)/im(ch) . 
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We now discuss injectivity. Assume that i{B) = 0. Then B = 0, and this imphes that 
(Bi) = 0, i.e. Bi = for all i G N. We now show that this in turn implies B = 0. 
Indeed, let M be a manifold and u,v E K^{M). Then there exists an z G N and maps 
fu,fv- M -> /Cj such that u = f*{x*U) and v = f*{x*U). But then by naturality of B 
B{u,v) = {fuJ.yB, = 0. 

We now show that every element B G if ^'"(Ki x Ki; M) / im(ch) which satisfies the cocycle 
and symmetry conditions ([T7|) and ([18D is in the image of i. Indeed, B induces a natural 
transformation B by B{u,v) := {u,v)*B for all compact manifolds M and M,f G K^{M) 
considered here as homotopy classes of maps M Ki. One checks that B satisfies the 
cocycle and symmetry conditions, and that i{B) = B. □ 



Let s: Ki x Ki — )■ Ki be the H-space operation, i.e. the map which represents the 
additive structure on K^(X). 

Lemma 6.4 Under z: Z — ?■ H^^(Ki x Ki;M)/im(ch) the subgroup T C Z corresponds to 
the subgroup of classes of the form s*{x) — prQX — pr*a; for some x G iJ^*'(Ki; M) / im(ch). 

Proof. We consider a natural transformation 

5: K\M) ^ i7'=''(M;M)/ini(ch) C KR/Z^M) 

of functors on manifolds. The family (5i)igN, '■= S{xi) G A']R/Z°(/Ci) gives rise to an 
element G \im{K^^^{]Ci)) . It again has a unique lift 6 G i^]R/Z°(Ki) which is mapped 
to a phantom class under KR/Z^CKi) — K^(K.i). From Corollary |8.5| we conclude that 
it belongs to the subgroup im(JiM°(Ki) -> KR/Z°{Ki)) C KR/Z°{Ki). If we apply the 
Chern character we get a well-defined element 6 G -ff'^*'(Ki; ]R)/im(ch). Let Bs denote 
the transformation given by (p!6|). Then i{Bs) = s*{6) — prQ(5 — pr^5. Commutativity of 
s means F*s* = s*. Furthermore, associativity of s can be expressed as Sg^s* = s*2'^*- 
These two relations together with some obvious identities for the projections imply that 
the image of s* — prg — prj satisfies the cocycle and symmetry conditions and therefore 
belongs to i{Z). □ 



Since K is a ring spectrum with free if*(K^.; Z) we get a Hopf ring ii^,(K^,; Z) which has 
been calculated e.g. in ||CMS02|| . In particular, the underlying graded ring 

i7,(Ki;Z)=A[6i,63,...] 

is an exterior algebra with generators fc2fc-i ^ -f^2fc-i(Ki; Z). It is free over Z so that we 
have by the Kiinneth formula H^(Ki x Ki; Z) = H^(Ki; Z) ®z H^(Ki; Z). We let 



C2k+i e H^^^\K,; Z) ^ HomAb(ii*(Ki; Z), Z[ 



,2k+l 
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be dual to &2fc+i and so that it annihilates all decomposeables. Then we know that 
H*(Ki; Z) = A[[ci, C3, . . . ]]. Furthermore, we have the Kiinneth formula 

H*{K, X Ki) ^ A[[ci, C3, . . . ]]®A[[ci, C3, . . . ]] • 

We actually do not have to complete here since the cohomology is finitely generated in 
every single degree. The sum s: Ki x Ki — )■ Ki gives a coproduct 

s* : H*{Ki; Z) ^ H*{Ki; Z)®H*{Ki; Z) , 

and by construction the generators q are primitive, i.e. they satisfy 

S*{Ci) = Cj ® 1 + 1 ® Cj . 

Lemma 6.5 If x E iJ*(Ki;Z) is primitive, then x®xE H^*(Ki x Ki;Z) satisfies the 
cocycle condition (|7^. 

Proof. If we insert r := x^ x into the left hand side of (|^) we get using primitivity of x 

X^X^l + Xi^l^X + l^X^X . 

The right-hand side of (l7) yields 

x®x<^l + x<^l<^x + l<^x<^x . 

□ 



The following proposition immediately implies Theorem jTI 
Proposition 6.6 The group Z/T has infinite order. 

Proof. Recall that H*{BU ; Z) = Z[[c2, C4, . . . ]], where we index the Chern classes by their 
degree. We furthermore have an injection H*{BU] Z) C H*{BU; Q) = Q[[c2, C4, . . . ]]. On 
the integral and rational cohomology of a space X we consider the compatible decreasing 
filtrations 

F^H*{X; Z) := JJ H\X; Z) , F^H*{X] Q) := JJ H\X] Z) . 

i>k i>k 

Let chfc(n) G H''{X;Q) denote the degree /c-component of the Chern character ch{u) G 
H*{X; Q) of M G K*{X). If ?/ G K^{BU) satisfies ch(y) G F^''H*{BU; Q), then we know 
that ch2k{y) e H'^''{BU;Z). In fact, more is known. 
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Lemma 6.7 For all x E H'^''{BU; Z) there exists u E K^{BU) such that ch{u) E 
F^''H*{BU; Z) and ch2fc(M) = x. 



Proof. It has been shown by | |Woo98 | that for all 1 < /c < n we have ch(pfc„) E 
F'^^H*{BU{k);Q) and ch2k{pk,n) = C2k, where pk,n = >^^{Pn - n), Pn is the class in 
K^{BU{n)) of the universal bundle over BU{n), and A'^' is the k^^ A-operation. Under 
the map BU{n — 1) — t- BU{n) the restriction oi pn — n is pn-i — {n — 1). Therefore the 
family of classes {pn — n)nm defines an element p E \mi{K^ {BU {n)) = K^{BU)). We have 
ch(A'=p) E F^''H*{BU; Q) and ch2fc(A'=p) = ca^. The class x E H^^{BU] Z) can be written 
as X = p(c2, C4, . . . ), where p is a homogeneous integral polynomial in the classes C2i- 
Using that ch is a ring homomorphism we see that we can choose u := p{X^p, A^p, . . . ). 

□ 



In the following we take the infinite unitary group U := colini(f/(n)) as a model for 
Ki. The universal bundle U EU A BU gives rise to a transgression Tg: E*{BU) — > 
E*~^{U) for every generalized cohomology theory E. Let us describe the transgression 
geometrically. We assume that all spaces have base points. Let E be an f2-spectrum 
representing E. Let /: BU — ?■ represent a class x E E^{BU). Since ti*x = the 
composition / o tt admits a zero homotopy H: I x EU — t- E^. We identify U with the 
fibre of tt over the base point of BU. Then the restriction of H to I x U closes up 
and defines a map Sf/ — )■ E^, or equivalently, a map U — ?■ QEk = Efc_i. This latter 
map represents the class Te{x) E E^~^{U). The transgression is natural with respect to 
transformations of cohomology theories (p: E* ^ F*, i.e we have cf) oTe = Tp o (p. 
For all /c G N we choose classes U2k E K^{BU) such that ch{u2k) E F'^''H*{BU;Q) and 
ch2fe(M2fe) = C2k- We further define V2k-i ■= TK{u2k) e K~^{U) = K^{U). Since ch: K 
HQ is a natural transformation of cohomology theories we have ch{v2k-i) = THQch{u2k) ■ 
The generators of 

H*{U;Z)=A[[c,,C3,...]] 

are given by C2k-i = THz{c2k)- Note that T{F''H*{BU;Q)) C F''-^H*{U;Q). We con- 
clude that ch(t'2fc-i) E F'^''~^H*{U;Q) and ch2fc_i(f2A:-i) = C2k-i, compare also the ap- 



pendix of 



It is a well-known fact that the transgression T{x) E H*"^{U;Q) of x E H*{BU;Q) is 
primitive. In order to see this one could consider a dual transgression in homology. One 
easily observes geometrically that the transgression of a non-trivial Pontrjagin product 
of homology classes gets annihilated. This implies that T{x) annihilates all non-trivial 
Pontrjagin products of homology classes. This property is equivalent to primitivity. 
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We consider the differentia^ d: H*(Ki; R) H*{Ki x Ki; M) given by 

d{x) := s*x — Ixx — xxl = s*x — prgX — prjx , 

where s: Ki x Ki — Ki is the if-space structure as above. Note that iir*(Ki;]R) = 
Ar[[ci, C3, . . . ]] is generated by primitive elements. We consider H*(Ki; Z) = Ax[[ci, C3, . . . ]] C 
H*(Ki; M) as a subspace in the natural way. 

Lemma 6.8 Fori > the differential d: H'^'{Ki;R) — H^\Ki x Ki;]R) is injective. If 
xeH^'{Ki;R) andd{x) E H^'{Ki xKi;Z), then x e H^' {Ki, Z) . 

Proof. Let I := {ii < i2 < ■ ■ ■ < v} be a sequence of odd integers. It determines a 
monomial mj := Cj^ . . . Cj^ G H*(Ki] R). Using the primitivity of the Cj we observe that 

s*{mj) = ^ 1{P, Q)mp (g) uiQ , 

where the sum is taken over all partitions P UQ = {ii, . . . i^} and /(P, Q) G {1, —1} is 
the sign of the permutation determined by P, Q. It follows that 

dmi = ^ /(P, Q)mp (g mq . 

PUQ=I,P,Q^% 

If a; = X]/^0 O'l'^i ^ M) with a/ G M, then we have 

d{x) = ^ai ^ l{P,Q)mp(g)mQ . (19) 

/7^0 PUQ=I,P,Qj^il 

As x is an even cohomology class, each / in this sum with a/ ^ has at least two elements 
so that there exists at least one partition PUQ = I with P and Q nonempty. We now see 
that we can recover the aj from the right-hand side of (jl^. In particular, if the right-hand 
side is integral, all the coefficients a/ must be integral. □ 



Lemma 6.9 The images Wik-2 ^ H^'"{K.i x Ki; ]R)/im(ch) of the classes 

^ch(i;2fc-i) X ch{v2k-i) e H'^{K, X K,;R) 

generate an infinite sum of copies ofTLjTL in Z/T. 

^The _ff-spacc Ki gives rise to the simplicial space i?*Ki and the corresponding cobar complex 
(i/*(i3'Ki; M), d) in cohomology. It is for this reason that we call d a differential. 
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Proof. Since ch(t>2fc_i) = T{ch{u2k)) is primitive, the class Wik-2 satisfies the cocy- 
cle condition (|T^ by Lemma |6.5| . Since ch(f2fc-_i) is odd and ch(f2fc_i) x ch{v2k-i) = 
ch(v2fc-i X f2fc-i) G im(ch) and in addition 2w4k-2 = we see that 104^-2 satisfies the 
symmetry condition (|l^). It therefore remains to show that the Wik-2 are independent. 
Assume that Yl\=i 0-1^41-2 = 0. We must show that all Oj are even. We proceed by 
induction. Let us assume that we have shown that = 2bi for i = 1, . . . k — 1. Then 
= J2i=k '^«^4i-2 so that there are x G K°(Ki x Ki) and y G H*(Ki] M) such that 

r 

^ -jch{v2i-i) X ch{v2i-i) = d{y) + ch(a;) . 

i=k 

Note that the left-hand side belongs to F^^~'^H*{¥^i x Ki;]R), and that the lowest term 
is ^C2k~i X C2k-i- We claim that we can adjust y such that d{y) G F^''"^if*(Ki x Ki; M). 
Let j G N be minimal such that diij) G F^H*(Ki x Ki;]R). By the first assertion of 
Lemma |6.8| the lowest term of diy) is given by d{y)j = d{yj), where yj is the component 
of y in degree j. If j < 4fc — 2, then ch{x) G F^H*{Ki x Ki;]R), and d{yj) = —chj{x). 
We conclude that d{yj) is integral. By the second assertion of Lemma we see that 
yj is integral. Hence there exists u G K^(Ki) such that chj(n) = yj. If we replace y by 
y' := y — ch(n) and xhy x' := x + d{u), then we have d{y) + ch(a;) = d{y') + ch(x'), and 
we have d{y') G F^+^H*{Ki x Ki; M). If j = ik - 2, then 

yC2fc_i X C2fc_i = d{y4k_2) + ch4fc_2(a;) . 

Since now ch{x) G F'^^~'^ H* (Ki x Ki; Q) we see that ch4k~2{x) is integral. In particular, 
the coefficent of ch4k^2{x) in front of the monomial C2k--i x C2k-i niust be integral. Since 
this monomial does not occur in d{y) by the calculation ([T9|) we see that ^ must be 
integral, too. □ 



This finishes also the proof of Proposition p]3 and therefore of Theorem |6.2|. □ 



7 Mayer- Vietoris sequence 

We consider a smooth extension with a natural integration {E, R, J, a, /) of a generalized 
cohomology theory E. It gives rise to the fiat theory Efiat (Definition f).2\j which is a 
homotopy invariant functor on the category of manifolds. In this section we show that it 
is a generalized cohomology theory by constructing a Mayer- Vietoris sequence. If Ejiq^^ is 
topological, then it is clearly a generalized cohomology theory. The point of the present 
section is to give a construction of the Mayer- Vietoris sequence independently of Theorem 



5^ and hence of the Hopkins- Singer theory. 
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In the present section we assume that the smooth extension is defined on the category of 
all smooth manifolds. There is a version of the theory for smooth extensions defined on 
compact manifolds (with boundary). In this case we must replace the words manifold by 
compact manifold and finite-dimensional countable CW^-complex by finite Ciy-complex 
at the appropriate places. We indicate some further modifications as footnotes. 
We consider a manifold M which is decomposed as a union of open submanifolds 

M = UUV , A:=f/nK.Q (20) 

We choose a smooth function M — [—1, 1] such that 

Xm\v = -1 , X\M\U = iQ • 

Let S"^ := [—1, 1] X A/ ~ denote the unreduced suspension, where (t, a) ~ (t', a') if and 
only ii t = t' = 1 oi t = t' = —1 oi t = t' and a = a'. The equivalence classes in the first 
two cases will be denoted by *+ and We define a projection p: M — )■ H'^A by 

{(x(m), m) m & A 
*_ meU\A [{^ (21) 
*+ meV\A } 

The restriction p\u is zero-homotopic. Let us give the zero homotopy pjj: I xU — )■ S"y4 
by an explicit formula: 

pu{t, fn) := (t + (1 - t)x(m), m) . 

We define the zero homotopy py : / x — )■ T,^A of p\v by a similar formula. The decom- 
position (pO[) gives rise to a Mayer- Vietoris sequence 

y E\M) -> E''{U) © E\V) E\A) A E'"^\M) ^ ... . 

An explicit description of the boundary operator is as follows. We consider a class x G 
E''{A) which we assume to be represented by a map g: A ^ E^. Then using the projection 
E^'Efc — )■ EEfc and the structure map SE^ — E^+i we define T,g: S"^ — S"Efc — )■ SE^ — > 
Efc+i. The composition h := T^gop: M Efc+i represents dx G E^+^{M). It comes with 
zero homotopies hu ■= ^g o Pu and hy '■= ^g o pv of h\ij and h\y. Over A we can glue 
these zero homotopies to a map 

^Thc modification in the case of a smooth extension defined on compact manifolds is as follows. We 
assume that U and V are closed (with boundary), and that there are deformation retracts of U and V 
onto compact U' C int([/) and V C intX^. 

^If we must work with compact manifolds, then we require these condition with U',V' in place of 
U,V. 

^If wc must work with compact manifolds, then the modified formula would involve the retractions of 
U onto U' and V onto V . 



42 



where h'^{t,m) = hu{—t,m). This map represents a class x G E^^^{S^ x A) such that 
J X = X. 

Lemma 7.1 Let x G E^{M) he such that x\u = and x\v = 0. Then there exists a 

based manifold N, a class y G E^{N) with trivial restriction to the base point, a map 

f : M N such that x = f*y, and zero homotopies fu and fy of f\u and f\y. 

In addition, if z E E^~^{A) is such thatx = dz then we can choose f:M~^N,ye E''{N) 

and the zero homotopies fu and fy such that J l*y = z, where I := f^^^fv- 

Even more specifically, if dz = x = 0, then we can choose these objects such that in 

addition there exists a zero homotopy fM of f . 

Proof. Let g: M — represent the class x. Then there are zero homotopies gu: I xU — )■ 
Efc and gv'- I x V ^ Ek of g\u and g\v- Since M, I x U and I x V are finite-dimensional 
manifolds there exists a countable finite-dimensional subcomplex X C containing the 
images of the maps g,gu and gy- Every countable finite-dimensional CVT-complex is 
homotopy equivalent to a smooth manifold. We choose such a manifold with base 
point together with mutually inverse homotopy equivalences s: N ^ X and r: X N, 
and we define y G E''(N) as the class represented by the composition A X — )■ E^. 
We further set / := r o g^ fu -.= r o gu, and fv '■= r o gy. Finally we first replace / by 
a homotopic smooth map. In the second step we replace the zero homotopies fu, fy by 
smooth zero homotopies fu, fv of f\u, fiv- 
lf x = dz, then we can choose a map j: A ^ E^-i representing z and the map g as the 
composition 

g: M ^ ^ S"Efc_i ^ Efc . 

In this case the homotopies gu, gy are induced by the homotopies pu,Pv- Then we proceed 
as above. 

Finally, if x = 0, then the map g admits a zero homotopy gM- We choose the finite 
subcomplex X sufficiently large to capture the image of gM, too. Then we proceed as 
above and let f^i be induced by gM- n 



Lemma 7.2 Let u G E^~^{U). Then there exists a based manifold N , a class y G E^{N) 
vanishing on the base point, and a map I: Ti^U — > N such that l*y = a{u). We can 
assume that I is constant near the singular points of the unreduced suspension and smooth 
elsewhere, and that the singular points *±. are mapped to the base point * of N. 

Proof. Let E^ be as in the proof of Lemma We choose a map g: — )■ E^ which 
represents the class a'{u) and maps to the base point. The map g factors over a 
finite-dimensional countable subcomplex X which we approximate by a smooth manifold 
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s: N ^ r: X ^ N such that the composition A X — represents y E E''(N) 
and maps the basepoint * G to the base point of E^. We set / := r o g. Finally we 
replace this by a homotopic map with the required properties. □ 



Lemma 7.3 Letu G E^~^{U) andv G E^^'^iV) he such thatu\A = v\a. Then there exists 
a based smooth manifold N, a class y G E''{N) vanishing on the base point, and maps 
f : U ^ N and g: V ^ N such that u = f*y, v = g*y, and there is a homotopy f\A ~ g\A- 



Proof. Let Efc be as in the proof of Lemma Furthermore, let a: U — )■ E^ and 
b: V —> Ek represent the classes u and v. Then there exists a homotopy h: a\A ~ b\A- We 
choose a finite-dimensional countable X C E^ over which the maps a, b and the homotopy 
h factor. Then we choose a smooth approximation s: N ^ X , r: X ^ N hj homotopy 
equivalences, let y G E^{N) be represented by A X — )■ E^, f := r o a, g := r o b, and 
h := r o h. Then we first approximate / and g by smooth maps, and then choose the 
smooth homotopy between f\A and g\A by adapting h. □ 



Let us now construct the boundary operator 



Let X G Eji^^{A) be given. We set x := I{x). Then by Lemma |7.1| there is a pointed 



smooth manifold N, a class y G E'''^^[N) with y\^ = 0, and a smooth map f : M ^ N 
such that 

1. f*y = dx, 

2. there are zero homotopies fu'- I ^ U N and /y : J x \/ — )■ X of f\u and 

3. with / := f^^fv : x A ^ iV we have / /*y = x. 

We choose a smooth lift y G E^'^^{N) which restricts trivially to the base point. Indeed, 
if we choose some class y G E''^^{N) such that I{y) = y, then y\^ = a(c) for some 
c G = V^. We denote the constant zero form with value c on X by the same 

symbol. If we replace y hj y — a(c), then the restriction of the new y to the base point 
vanishes. 

We furthermore choose a form p G r2^'~^(y4,V) such that 

r-y + a(p) = X . 
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Finally, we choose forms pu G O!^ ^{U, V) and py G Of' -^(V, V) such that p = pv\A — Pu\a- 
Using these choices we define a form k G Q^{M,Y) by the description 

K\u := / fuR{y) + dpu , K|y := / fv^iv) + dpv ■ 

JlxU/U JlxV/V 

Note that k, is well-defined on A since 



([ f;.R{y) + dpv) -([ fljR{y) + dpu] 

\JlxV/V J 1^ \JlxU/U J \A 

l*R{y) + dp 



S^xA/A 

= R{x) 
= . 

We define 

dx := f*y + a(K) . 

Lemma 7.4 dx is well-defined. 

Proof. We show step by step that if we alter the choices going into the construction of 
dx we get the same result. We indicate the changed objects by a prime. 

1. If we choose p^ and p'y such that py^^ — p'jj^j^ = p, then there exists a form 9 G 
r2^'-i(M, V) such that 9\u = pu — p'u and 9\v = Pv — p'v We thus get k' = k — d9 
and hence 

d'x = f*y + a{K) = f*y + a{K) — a{d9) = f*y + = dx . 

2. Let us choose another form p' such that J l*y+a{p') = x. Then p' = p+9 with d9 = 
and Rham(6') = ch.{u) for some u G E^~^{A). As for p we choose a decomposition 

9u G l]^-^(t/,V) , 9v G f]^--^(\/,V) , ^v-iA - = ^ . 

Furthermore, we set p'u := pu + 9u and := + 6'y. Then k' = k + A, where 
A G f2'^(M, V) is the closed form determined by X\u = d9u and X\v = d9v- Its 
cohomology class is given by 

Rham(A) = dRh.am{9) = dch{u) = ch{du) . 

Therefore we have a(fi:) = a(K'). This implies d'x = dx. 
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3. If we choose another hft y' , then y' = y + a{6) for 6 G f2^(A^, V). We get 

/ fljRiy') = I uhm) + fhde) = I fuR{y)-d{ [ m-f^ye . 

JlxU/U JlxU/U JlxU/U JlxU/U 

A similar formula holds true over V. Note that J l*y' - J l*y = a{J 1*9) and therefore 
p' — p = J 1*0. We can take p'^ := pu + J^^^^^ fijO and a similar formula over V . 
We see that k' = k, — f*9 and hence 

d'x = f*y' + ain') = f*y + a{f*e) + a{K - f*e) = f*y + a(K) = dx . 

4. Let A^' be a smooth manifold with class y' G E''~^^{N) and smooth map u: N ^ N' 
such that u*y' = y. If f = u o f and f'u = u o fu and fy = uofv, and we choose a 
lift y' G &^^{N') and take y := u*y', then we get d'x = dx. 

5. We now assume that we have a fixed manifold with class y G E^~^^{N) and 
homotopic choices f ^ f and compatible homotopic choices of homotopies fu ~ 
and /y ~ /(/. 

We then consider the decomposition / xM = /xf/U/xK. The homotopies give 
maps F: I x M ^ N and zero homotopies Fu: I x I xU N and Fy: I x I xV ^ 
N . Applying the construction of the boundary operator in this case gives a class 
9(pr^x) G Ej'^l{IxM) which restricts to the classes dx and d'x at the two boundary 
components. By the homotopy invariance of the functor Ej'^l we conclude that these 
two classes coincide. 

6. Finally assume that we have two choices {Nj,yj, fj, fj^u, fj,v)y j = 0,1. Then 
by a similar argument as in the proof of Lemma ^!T| there exists a third choice 
(A^, y, f, fu, fv) together with maps Uj : Nj ^ N and homotopies u*f ~ fj and 
compatible homotopic choices of homotopies u*fu ~ fj,u and u*fv ~ fjy. By a 
combination of ^ and ^ we conclude that the result for dx constructed with j = 
coincides with the result for j = 1. 

□ 



Lemma 7.5 The boundary operator d: E'ji^^{A) Ej^l(M) is additive. 

Proof. Let Xj G E^i^^{A), i = 0, 1 be given. We do the construction of dxi based on the 
choice fi'. M ^ Ni, iji G &^^{Ni). Then we can use the choice N := Nq x Ni with the 
class y := ^r^yo + pr^yi, the map / := (/o, /i) and the zero homotopies fu = {fo,u, fi,u) 
and fv = ifoy, fiy) for the construction of d{xi If we have choosen pi^u, Piy, then 
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Pu '■= Po,u + Pi,u and pv := Po,v + Pi,v is an appropriate choice for the sum. We get 
K = + Ki and finally dx = Sxq + dxi. □ 



Lemma 7.6 The boundary operator is natural. 

Proof. Let M" = ^7" U V^" be a decomposition of another manifold with a smooth map 
0: M« ^ M such that C U and C V". Let A« := W D VK If x G ^laM), 

then we must show that 

d^(j)*j^iX = (j)*dx . 

We use the notation introduced in the construction of d. 
We choose := / o 0: M» ^ iV. Then 

fy = <P*ry = <P*dx = d<p;^,x . 

For the zero homotopies we choose ffj := fu o (t)\ui and fy := fy o 0h/b. Then for the loop 
we get = lo (id5i x 0|^tt) : S*-*^ x A — )■ A^. It follows that 

* ix) . 



Hence we construct using /" : M" — > A^, the homotopies f^, fy and the class y. Indeed, 
we can choose := 0*^ttP since 



Furthermore we can take p^ := (p^^pu and py := (t)*yiPv which leads to = 0*k. After 
all this we see that 

= <P*dx . 

□ 



Proposition 7.7 VFe /iawe a long exact Mayer-Vietoris sequence 
Proof. The map c is given by 

c{x) := f |[7 © X|y . 

The map h is defined by 

h{x®y) ■.= y\A- x\A ■ 
We first show that this is a complex. 
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1. 



It is clear that 6 o c = 0. 



2. Next we show that cod = 0. We have, using the homotopy formula Lemma E]T| and 
the vanishing of y on the base point, 

dx\u = {f*y)\u + a{n)\u = -a{ / fuRiv)) + a{f^\u) = a{dpu) = . 

JlxU/U 

3. Next we verify that d o b = 0. Let for example x G E^i^^{U) be given. Then we set 
U'^ := U and V'^ = M and consider the second decomposition M = t/" U with 
A" = U. The map = id : M — )■ M respects these decompositions. By ^. we have 
on the one hand d^x = (9%)|ytt = 0. On the other hand, by Lemma ^]6| 

dx = d(j)*x = (f)*d^x = . 

We now verify exactness. 

1. Let X G E'^i^^{A) be such that dx = 0. In this case f*y + a(K) = 0. By Lemma 
|7.1| we can in addition assume that there is a zero homotopy /a/. We get by the 



homotopy formula Lemma |5.1| and the vanishing of y on the base point 



= -a( / n,R{y)) + a{K) . 

'ixM/M 



Hence there is a class m G E ^(M) such that 



K - / fljRiy) = R{m) . (22) 

JlxM/M 

First we will make a modification which allows us to assume that R{m) = 0. To 
this end by Lemma we choose a manifold Nm, a class yM £ E''~^{Nm), and a 
smooth map Im '■ — )■ Nm such that l^^yM = ~cr(-^('^))- We can assume that Im 
is constant near the singular points and smooth elsewhere. We choose a smooth lift 
Vm G E^~'^{Nm)- Then we set A^' := N x Nm and y' := pr^y + pr^^^^M- We further 
define f f ^ fu '■= fu ^ *^ fv '■= fv ^ *^ and we let be the concatenation 
of the homotopy Jm x * with the loop * x Im o p, where p: I x M ^ E"M is the 
obvious projection. Then we have 



/ f^*R{y') = I r^Riy) + / ll,R{yM) ■ 

JlxM/M JlxM/M JlxM/M 

The closed form J 1\jR{iim) represents the class — ch(/(m)). Therefore, if we replace 



/a/ by /Ij, then we can improve (|2^) to 



1^- I fliRiy) = da 

JlxM/M 
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for some form a & "^{M, V). If we change the forms pu and pv in the construction 
of K to Pu — am and py — aiy, then with the resulting new choice for k we get 



K- f fl,R{y) = . 

J I-kM/M 

We form the loops W := fM\v^fv- x V ^ N and h := fZ\Jfu-- xU ^ N. 
We define 

u -= lliV + «(Pi/) > V := lyy + a{pv) ■ 



Then we get 



R{u) = J l\jR{y) + dpu 

= I fl,R{y) - I fM\um) + dp 

JlxU/U JlxU/U 
JlxU/U 



= 
R{v) = . 



Hence 



We now verify that 



We have 



V\A -U\A = X . 



v\A-uiA = yj ivvj^ "vi ^''^''^^ \J ~Vi +^~y 

It therefore suffices to show the following Lemma. 



Lemma 7.8 

^''^) IA~ il ^''^) lA^ l^*^' ^^^^ 

Proof. 

We choose an embedding of S^\/S^ := U{o}=* [0, 1] U{i}=* into which is 
smooth on the two copies of and the interval and such that the interval intersects 
the circles transversally. A smooth function on S^\/S^ is one which extends to a 
smooth function on M^. We thus have the notion of a smooth map from S^\/S^ 
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to a manifold. Moreover, a map W — > S^\/S^ from a manifold is smooth if the 
composition W — > S^\/S^ is smooth. 

We furthermore choose an open neighbourhood ly C of S^\/S^ which admits 
a smooth projection n: W ^ S^\/S^ which is a homotopy equivalence. We define 
X A\/aS^ xA:= {S^\/S^ X A) and set 

l"Jylv:WxA X A\/aS' X A "^"^ N , 

where the smooth map I'^Vly maps the part [0, 1] x A to the base point and is given 
by l'^ and ly on the left and right copies of x A, respectively. We have a diagram 




where 

a,b:W X A^ X A\/aS^ x A ^ x A 
are the projections which contract the left or right summand, respectively, and 

3,k: xA^S^x A\/aS^ xA^WxA 

are the embeddings of the left and right summand. The usual coproduct map 
^ \/ gives rise to a smooth map 

s: X A^ X A\/aS^ xA^WxA. 

We first observe that j* © k* : E*{W x A) E*{S'^ x A) ® E*{S'^ x A) and j* © 
k*: im(7r*) Q*{S^ x A, V) © Q*{S^ x A,Y) are injective, where 

im(7r*) := a*Q*{S^ x A,Y) + b*Q*{S^ x A,Y) . (24) 

Note that the definition of ini(7r*) is a slight abuse of notation. Next we show that 
j* ® k*: E*{W X A) E*{S^ x A) ® E*(S'^ x A) possesses a certain injectivity. 
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too. Let f G E*{W) be such that R{f) G iin(7r*). If (j* © fc*)(f) = 0, then R{r) = 
and /(f) = 0. Therefore we can assume that f = a{p) for some p G Q^f'^ (W) . Since 
j*a{p) = and k*a{p) = there exist classes s,t G E*'^{S^ x A) such that ch(s) = 
Rham(j*p) and ch(t) = Rhain(A;*p). Let i: A ^ S^xAhe induced by the base point of 
S^. Since joi is homotopic to koi we have i* j*Rham{p) = i*k*Kh.am{p). We therefore 
can in addition assume after modifying e.g. t by a torsion class coming from A that 
i*s = i*t. But then there exists a class w G E*~^{W x A) such that j*w = s and 
k*w = t. It follows that j*ch{w) = j*Rham{p) and k*ch{w) = k*Rham{p). This 
implies that ch{w) — Rhani(p) = and hence a{p) = 0. 

The composition e is homotopic to the loop I by a homotopy H. Indeed, the loop 
e is the concatenation 

fu\A^fM\A'AfM\AU\V\A , 

where F"^ is the homotopy F run in the opposite direction. The homotopy H to 

fu\A'^f\y\A can thus be arranged symmetrically so that Jj^s^xA/s^xA^*^ ~ ^ ^'^^ 
every u G Q{N). 

Furthermore, the compositions I'^'oa, lyob are homotopic to and ly by homotopies 
of the form Gu = gu ^ i^A and Gy = Qv ^ i^A, where gu,gv- I x ^ S^. In 
the following we use the symbol w in order to denote various constant maps to the 
base point of A^. We have 

{lfy7vry - il°if o afy - {Iv o hyy = -w*y . (25) 
Indeed, if we apply j* to the left-hand side we get 

filf^vTy - o an - niy o hyy = -w*y . 

Here we use 

I'l'' ti j' il'i'' V ] ■ w = lvoboj. 

Similarly we get 

k*{lfy^vyy - k*{lu^ o ayy - k*{lv o 6)*y = -w*y 

We now use the injectivity of j* © k*. Note that the curvature of both sides of (p5| ) 
are in im(-7r*) as defined in (P^). 

Since the constant map w: x A ^ N factors over the projection x A ^ A we 
have / w*y = 0. We calculate 

e*y = s*ilfw7vyy = ry + a{ f H*R{y)) = Vy . 

J IxS^xA/S^xA 
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Furthermore, 

e y = -s (ff/ o a) 2/ + s (/y o ») V - w y = b lyy - a l^y - w y , 

hence 

e*^ = + l^y + <f G*yR{y)) - a{ [ G\jRm - w*y . 

J IxS'^xA/S^xA J IxS'^xA/S'^xA 

We now apply / and observe using J = — / /^y and / = that it suffices 
to show that 



G*yR{y) = Q, [ [ GljRiy) = 0. 

ixA J J IxS^xA/S^xA 



IxS'^xA/S'^xA J J IxS^xA/S^xA 

Because of the special form of the homotopies Gu and Gy these integrals indeed 
vanish. This finishes the verification of f^Sf). □ 



Let X G &ji^^{M) be such that c(x) = 0. This means that x\u = and x\y = 0. Let 
X := I{x). We choose a based manifold A^, a class y G E^{N) with trivial restriction 
to the base point, and a smooth map f:M^N such that f*y = x and there are 
zero homotopies fu: I x U N , fy : I x V ^ N . We further choose a smooth 
lift y with trivial restriction to the base point and a form A G f2^~^(M, V) such that 
f*y = X + a(A). /^From the homotopy formula Lemma |5.1| we get 



= xiu = -a{ / + a(A|f/) 

= x\y = -a{l f^R{y)) + a{\\y) . 

J IxVIV 



'IxV/V 

Hence there exists classes u G &~'^{U) and v G -E''^~"'^(y) such that 

/ ryR{y) + A|v. = R{v) , [ ruR{y) + \\u = R{u) • (26) 

JlxV/V JlxU/U 

We now show that by modifying the choices of / : M ^ N, y and the homotopies we 



can assume that R{u) and R{v) are exact. By Lemma [7.2| we choose a based manifold 
Nu, a class yu which vanishes on the base point, and a map lu '■ S"f/ — )■ Nu such that 
a{I{u)) = —lljyu- We can assume that lu is constant near the singular points of the 
unreduced suspension. We adopt a similar choice for V . We further choose smooth 
lifts yu and yy again vanishing on the base points. We consider N' := N x Nu x Ny 
with the class pr^y + pr|^ yu + pr^ yy and the map f := f x * x *. We further 
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concatenate the homotopy (/(/ x * x *) with the loop * x /[/ x * in order to get a 
new zero homotopy of /|'^. We define fy in a similar manner. We now observe 
that 

/ f{}*R{y') = [ fvm + / ivR{yv) 

JlxV/V JlxV/V JlxV/V 

and the closed form Jj^y/ylvR{yv) is in the cohomology class of —R{v). A similar 
calculation holds for U. 



If we replace the old choices by the new choices we can now improve to 

/ f;.R{y) + Xiv = -dpv , [ ruR{y) + \\u = -dpu . (27) 

JlxV/V JlxU/U 

We define p := pv\A — Pu\a and set 

^ ■= j ^*y + o.{p) ■ 

We calculate 

R{z) = j l*R{y) + dp 

= if fvRiy)) +dpv\A-([ fvRiy)) -dpu\A 

\JlxV/V J 1^ \JlxU/U J 1^ 

= —\v\A + \u\A 

= . 

Hence z G Ejf^l{A). Furthermore, if we construct dz using the choices fixed above 
we get 

K\u = / fuRiy) + dpu = -\u , i^\v = -Ay . 

JlxU/U 

This gives 



dz = f*y — a(A) = x . 
3. Finally we show exactness at E^i^^{U) © Eji^^^{V). Let 



be such that u^a = v\a- Let u := I{u) and v := I{v)- By Lemma ^]3| we choose a 
manifold N with a class y G E''{N), smooth maps / : U ^ N, g: V ^ N such that 
f*y = u and g*y = v, and there is a homotopy f\A ~ g\A which we denote by h. 

In a first step we show that we can choose a map e: M ^ N such that 

e^y = u , e*yy = v . (28) 
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In fact we can define 



e(m) 



\ 



2 

g{m) 



m G M\ 1/ \ 
m) m ^ A 

m e M\U J 



(29) 



Tlie relations (|28| ) hold true since there are homotopies e\u ~ / and e\v ~ (?• 
We choose au G fi^~^(f/,V) and ay G fi*^-HV,V) such that 

e|^y + a{au) = u , e*yy + a(ay) = . 

We then have a{ay\A — Ciu\A) = so that Oiv\A — (^u\A = R{w) for some w G -E''^~-^(y4). 
In the following we show that by modifying the homotopy h we can assume that 
R{w) is exact. 

Using Lemma ^]2| we choose a based manifold A^', a class y' G E^~^{N'), and a map 
/: Tj^A — )■ A^' such that ry' = —a{I{w)). We can assume that / maps (t, a) G 
to the base point if t G [0, 1/4] or t G [3/4, 1]. 

Without loss of generality we can assume that the homotopy h: I x A N is 
constant on the part [1/4,3/4] x A. We now replace N hj N := N x N', y by 
y = Pr^y + pr^'y', / by / := / x *, ^ by ^ := ^ x * and /i by /i : / x A ^ iV given 

by 

/ (/i(t,a),*) tG [0,1/4] 

h{t,a):=l {h{l/2,a),l{t,a)) tG [1/4,3/4] 
V {hit, a),*) tG [3/4,1] 

Let e: M — j- be the resulting map p9|). Note that there is a homotopy du from 
e\u to e\u X * and a similar homotopy dy from e\v to e\v x *• We furthermore set 
y := pr^y + pr^,y' for some smooth lift y' G E^~^{N') which we arrange such that 
[[/ X *)*y = e*^y we can choose 



yi = 0. Since (e 



+ / d*jjR{y) , av:=av+ / dyR{y). 

JlxU/U JlxV/V 



We get 



av\A - au\A = Riw) + / L*R{y) 



where L: x A ^ N is the loop L := d'^^dy- Note that we can choose du and c? 
such that pr^ o L is constant. Therefore 



L*R{g) = / L*pr*^,Riy') 



V 
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We get for the cohomology classes 



Rhain( J L*pT%,R{y')) = J ch(a(J(w))) = -ch{w) . 

If we replace the objects without a tilde by the objects with the tilde decoration, 
then we can assume that av\A — C(u\a = da. We choose au G f2'^~^(f/, V) and 
cry G fl''~'^{V,Y) such that av\A — o'uia = o'- Then we replace au by au — dau and 
av by av — day- After these changes we can assume that av\A = ct;7|A, hence au 
and ay are restrictions of a global a G VL^~^{M^V). We define 

X := e*y + a(a) . 

X\u , V = Xlv ■ 

This provides the required preimage of the sum 

□ 



Then 

■u = 

It also follows that x G E^i^^{M). 
u®v. 



We now have a homotopy invariant functor E*^^^^ defined on smooth manifolds with a 
natural Mayer- Vietoris sequence. It gives rise to a similar functor on the category of 
finite-dimensional countable Ciy-complexes by the following proposition. 

Proposition 7.9 A homotopy invariant functor 

H: {smooth manifolds} — ?■ {Z — graded abelian groups} 

with a natural Mayer- Vietoris sequence gives extends uniquely to a homotopy invariant 
functor 

h: {finite-dimensional countable Ciy-complexes} — )■ {Z— graded abelian groups} 

with a natural Mayer- Vietoris sequence. 

Proof. For a proof we refer to ||KS|| . It uses the fact that diagrams of maps between 
countable finite-dimensional CW^-complexes can be approximated up to homotopy by 
corresponding diagrams of manifolds. □ 

Also the following lemma is well-known. 
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Lemma 7.10 A functor 

h: {finite CW^-complexes} —t- {Z — graded abelian groups} 

with a natural Mayer-Vietoris sequence gives rise to a reduced cohomology theory h on 
the category of pointed finite CW- complexes. 

Proof. For a finite pointed CW-complex X we define 

h*{X) := ker(/i*(X) ^ h*{*)) . 

To each map f : X ^ Y of pointed CH^-complexes we get an induced map /*: h*{Y) — )■ 
h*{X). Let C{X) := [0, 1] x X/{1} x X be the cone over X with its natural CH^-structure. 
Then we can write the unreduced suspension as 

S"X = C{X) Ux C{X) . (30) 

The suspension isomorphism 

a: ~h*{X) 

is given by the boundary operator in the Mayer-Vietoris sequence associated to the de- 
composed CW^-complex (|30D. It is obviously natural. Finally, for each subcomplex A C X 
the mapping cone sequence 

A^X ^XUa C{A) 

gives rise to an exact sequence 

h*{X Ua C{A)) h*{X) h*{A) . 

Indeed, this is a part of the Mayer-Vietoris sequence for the decomposition X Ua C (A) 
since h*{CA) = 0. □ 



If /i is a reduced cohomology theory on the category of pointed finite CPF-complexes, then 
by |pwi02| , Thm. 9.27] there exists a spectrum h which represents h. The isomorphism 
class of this spectrum is well-defined. Furthermore by ||Swi02| , Thm. 9.27], a natural 
transformation h ^ h' oi reduced cohomology theories on finite CVT-complexes can be 
represented by a map of spectra h — )■ h', which might be not uniquely determined. 
If we apply these topological results Proposition |7]9|, Lemma |7.10| to the fiat theory -Ej^^j , 
then we get a reduced cohomology theory f/*+^ on the category of pointed finite CW- 
complexes which we can represent by a spectrum U whose isomorphism class is well- 
defined. Since every compact manifold has the structure of a finite CW^-complex we can 
restrict the theory U* again to compact manifolds. We thus have shown: 
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Theorem 7.11 If {E, R, I,a, J) is a smooth extension of E with integration, then Eji^^ 
has a natural long exact Mayer-Vietoris sequence. Its restriction to compact manifolds 
is equivalent to the restriction to compact manifolds of a generalized cohomology theory 
represented by a spectrum. 

We now compare E*~J^ with ER/Z*. The natural transformation H*-^{M; V) E%i^^{M) 



U* which can be represented by a 



induced by a gives a natural transformation EM.* 
map of spectra EM — )■ U. 

We now consider the diagram of distinguished triangles in the stable homotopy category 



Fibre ■ 

A 

I 
I 

E — 



EI 



e: 



A 
I 
I 



■ EM/Z ■ 



TjFibre 

A 



EE 



The fact that 

E*{M) 4 H*{M; V) A E{M) 

vanishes implies that the dotted arrow is trivial. This gives the dashed factorization 
EM/Z — )■ U which we extend to a map of triangles. Note that the dashed maps are not 
necessarily unique. 

Theorem 7.12 Assume that {E,R,I,a J) is a smooth extension of a generalized coho- 
mology with integration. If E* is torsion-free, then there exists a natural isomorphism 
(not necessarily unique) of functors on compact manifolds E'K/Z*(M) — j- £'^;~]:(M) so 
that 



E*{M) 



El 



3* — 1 



(M) 



ER/Z*-\M) ^ E*{M) 



commutes 



Proof. We know by Theorem |7. 1 1| that there is a natural isomorphism Eji^^{M) = 
U*~^{M). It suffices to check that the transformation EM/Z — U is an equivalence by 
working on the level of homotopy groups. In other words, we must show that it induces 
an isomorphism on coefficients. We know that 

coker(a: ER\M) ^ ^)+J(M)) = i^.^^+^M), ker(a: EW^{M) ^ ^;+^(M)) = im(ch) . 
Therefore we have a morphism of exact sequences 



E^ ER'' 



E' 



ch 



El 



.jjk 



ER/Z^' 



fc+i 

tors 
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If E^^l = 0, then the morphism ER/Z'' is an isomorphism by the Five-lemma. □ 



8 Absence of Phantoms 



In the proof of Proposition |6]^ we have used the fact that certain generahzed cohomology 
groups are free of phantoms. The absence of phantoms might be interesting also in other 
cases where an approximation of an infinite loop space by manifolds is invoked. Therefore 
we add this section. The results are probably well known, but we couldn't find appropriate 
references. 

In the following we assume that is a cohomology theory represented by a commutative 
ring spectrum E. Let Z be a CVT-complex. 

Definition 8.1 We define the subspace of phantom classes E*i^^^^^^{Z) C E*{Z) to 
be the subspace of all classes G E*{Z) such that f*(j) = for all maps f : X Z and 
finite complexes X . 

In the following we discuss various conditions implying the absence of non-trivial phantom 
classes. 

Proposition 8.2 If E^{Z) is a free E* -module, then ^^^woml^) - 0- 

Proof. We equip E*{Z) with the profinite filtration topology induced by the submodules 
F°-E*{Z) := ker {E*{Z) — E*{Za)), where (Z^) is the system of all finite subcomplexes of 
Z. On the other hand we equip DE^,{Z) := HomE* {E^:{Z) , E*) with the dual finite topol- 
ogy generated by the submodules ker(D£'*(Z) — )■ DLf,), where (Lb) runs over the system 
of all finitely generated submodules of E^{Z). With this topology the ii^*-module DE^{Z) 
is complete and Hausdorff. By | |Boa95| , Thm. 4.14] the evaluation E*{Z) (g) E^{Z) -> E* 



induces a topological isomorphism E*{Z) — DE^{Z). The fact that the profinite filtra- 
tion topology on E*{Z) is Hausdorff is equivalent to the absence of phantom classes. □ 



Lemma 8.3 E 



Phantom 



for E = MU or even k and E = K. 



Proof. The cohomology theories MU* and K* are represented by ring spectra. We first 
consider the case MU. In |[RW74| , Sec. 4] it is shown that M[/^(MUfc) is a free MU*- 
module (it actually has been calculated completely). We can therefore apply Proposition 
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For i^-theory we we first note that Kq = Z x BU, and that K^,{BU, Z) is a free Z- module 
on even generators ([^ocU^, Prop. 4.3.3 (d)]). This imphes that JC(Ko) is a free K*- 
module, and we can again apply Proposition □ 



Proposition 8.4 If E^{Z) is a free E*-module, then Epf^^^^^^{Z x Z) = 0. 

Proof. If E^{Z) is a free £'*-module, then so is -E'*(Z x Z). In fact, for every complex X 
we have the Kiinneth isomorphism 

E,{Z) ®E* E,{X) ^E,{ZxX) . 

This follows from the usual observation that E^{Z)®e* . . ) — )■ x . . . ) is a natural 
transformation of homology theories which coincide on the point. Finally, we use the fact 
that the tensor product of two free modules is again free. □ 

Corollary 8.5 If k is even, then 

E*Phantom(^k X Efc) ^ 

holds true for E G {MU, K}. 

If X I—)- E*{X) is a cohomology theory represented by a spectrum E, then let X i— )■ E^,{X) 
denote the associated homology theory. We define 

E^{X) := HomAb(^*(X),M) , E^/^{X) := HomAb(^*(X), M/Z) . 

Since M and M/Z are injective abelian groups these constructions define cohomology 
theories on the category of all topological spaces. Since they satisfy in addition the wedge 
axiom they can be represented by spectra which we denote by E^ and Eu/^. 

Lemma 8.6 For every CW- complex X we have E^^^^^^^^^{X) ^ and E^/^^^^^^^^^{X) ^ 
0. 

Proof. Let us discuss the case of E^. The case of -Ee/z is similar. It suffices to show that 

E^(X) = limE*(X,) , 
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where (Xa) is the system of finite subcomplexes of X. We have X = colinia X^. Since 
homology is compatible with colimits and the HomAb(- • • , M)-functor turns colimits in the 
first argument into limits we get (compare [ [b'L09| , A. 9]) 



E^{X) = HomAb(^*(X),M) 

= HomAb(-E*(colima 

= HomAb(colima E^{Xa), '. 

^ lim HomAb(^*(^a),M) ^ 



□ 



The projection M M/Z induces a natural transformation of cohomology theories E^{X) — )■ 
E^,^{X). It is given by a morphism of representing spectra Ek — j- Ej 



Definition 8.7 The Andersen dual D{E) of the cohomology theory E is defined as the 
cohomology theory represented by the spectrum -D(E) obtained by the extension of the map 
Em — EiR/z to a distinguished triangle in the stable homotopy catgeory 

D{E) ^ Em ^ Em/z ^ SD(E) . 



In [[Ioh83| , p. 244] a morphism of distinguished triangles in the stable homotopy category 



D{E) ^ D{E)R ^ L)(E)M/Z ■ 



D(E) 



Etc 



Eic 



-1 

j:d(e) 



has been constructed so that the vertical maps are equivalences. 

We now assume that E'^ is finitely generated for every G Z. Since D is a duality 
on cohomology theories with finitely generated coefficients ||Joh83 , Thm. 33] we get by 
inserting -D(E) in place of E and using D{D(E)) = E that 



EI 



EM/Z- 



■D(E) 



D(E 



SE 

-1 

-E 



i.e. we get in particular isomorphisms 

EM ^ D(E) 



EM/Z ^ D(E] 



(31) 



Combining ( plD with Lemma ^.6| (applied to D{E) in the place of E) we get 
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Corollary 8.8 If E is a cohomology theory represented by a spectrum such that is 
finitely generated for all G Z, then for every CW -complex X we have 

Corollary 8.9 We have KR/Z%^^^^^{Ki x Ki) = 0. 
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